
VU Research Portal

Predicting Optimal Strategies for Microbial Metabolic Pathways

Overal, G.B.

2019

document version
Publisher's PDF, also known as Version of record

Link to publication in VU Research Portal

citation for published version (APA)
Overal, G. B. (2019). Predicting Optimal Strategies for Microbial Metabolic Pathways. [PhD-Thesis - Research
and graduation internal, Vrije Universiteit Amsterdam].

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

E-mail address:
vuresearchportal.ub@vu.nl

Download date: 23. May. 2023

https://research.vu.nl/en/publications/3fa48f90-f7f7-4532-9cbf-af1a79715fdc


Predicting Optimal Strategies for Microbial
Metabolic Pathways

Gosse Borger Overal



This research was partially funded by the Netherlands Organisation for
Scientific Research (NWO)

Cover: Bridging the gap between what is mathematically feasible and what is
biologically relevant. The interdisciplinary gap has to be bridged both ways,
modeling observations from biological experiments and interpreting mathematical
results to gain real biological insights. These bridges are built piece by piece.
Cover art by In Zicht Grafisch Ontwerp

ISBN: 978-94-028-1499-6

Printed by Ipskamp drukkers, the Netherlands



vrije universiteit

Predicting Optimal Strategies for Microbial
Metabolic Pathways

academisch proefschrift

ter verkrijging van de graad Doctor
aan de Vrije Universiteit Amsterdam,
op gezag van de rector magnificus

prof.dr. V. Subramaniam,
in het openbaar te verdedigen

ten overstaan van de promotiecommissie
van de Faculteit der Bètawetenschappen
op woensdag 12 juni 2019 om 11.45 uur

in de aula van de universiteit,
De Boelelaan 1105

door

Gosse Borger Overal

geboren te Heiloo



promotor: prof.dr. J. Hulshof
copromotor: dr. R. Planqué



Contents

1 Introduction 1
1.1 Mathematical Modeling in Biology . . . . . . . . . . . . . . . . . 1
1.2 Metabolism in Microbes . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Optimal Fitness for Yeast Glycolysis . . . . . . . . . . . . . . . . 6

1.3.1 A Minimal Model for Sustained Oscillations . . . . . . . . 6
1.3.2 Minimal Model for an Imbalanced State in Yeast . . . . . 9

1.4 Optimal Specific Flux through Enzyme Distribution . . . . . . . 13
1.4.1 Elementary Flux Modes . . . . . . . . . . . . . . . . . . . 15
1.4.2 Maximal specific flux and Elementary Flux Modes . . . . 18

2 Yeast Start-up Problems 21
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2 The mathematical model . . . . . . . . . . . . . . . . . . . . . . . 29
2.3 Steady state analysis . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.1 Suitable representations of the null space of N . . . . . . 30
2.3.2 The equilibrium states . . . . . . . . . . . . . . . . . . . . 31
2.3.3 Parametrising steady states by metabolite concentrations 33
2.3.4 The imbalanced state . . . . . . . . . . . . . . . . . . . . 38
2.3.5 Numerical illustrations . . . . . . . . . . . . . . . . . . . . 43

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

v



vi

2.4.1 Without overexpression of its upper part, glycolysis will
not activate in starved yeast presented with glucose . . . 45

2.4.2 Under mild conditions, FBP will function as a flux sensor
on the metabolic scale . . . . . . . . . . . . . . . . . . . . 46

2.4.3 Confirmation of bistable imbalanced state . . . . . . . . . 46
2.4.4 To both activate glycolysis and avoid the imbalanced state,

heterogeneity is key . . . . . . . . . . . . . . . . . . . . . 46
2.4.5 A simple condition for the transcritical bifurcation . . . . 47
2.4.6 Scope of the techniques and general outlook . . . . . . . . 47

2.5 Supplementary Information . . . . . . . . . . . . . . . . . . . . . 48
2.5.1 The equilibrium states . . . . . . . . . . . . . . . . . . . . 52
2.5.2 Parametrising steady states by flux values . . . . . . . . . 57
2.5.3 The equation for the steady state NADH concentration

has a unique solution . . . . . . . . . . . . . . . . . . . . . 66
2.5.4 Numerical simulations . . . . . . . . . . . . . . . . . . . . 69

3 Stability of qORAC in the Linear Chain 71
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.1.1 Specific Flux Maximisation . . . . . . . . . . . . . . . . . 72
3.1.2 Linear Chain . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.1.3 Mathematical Model . . . . . . . . . . . . . . . . . . . . . 78
3.1.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.2.1 Timescale Separation . . . . . . . . . . . . . . . . . . . . 79
3.2.2 The Quasi Steady State Defines a Smooth Bijection . . . 91
3.2.3 Inverse Quasi Steady State; Enzyme levels follow the Meta-

bolic Concentrations . . . . . . . . . . . . . . . . . . . . . 92
3.2.4 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.3 Toy Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
3.4 Results and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . 105

3.4.1 Results Summary . . . . . . . . . . . . . . . . . . . . . . . 105
3.4.2 Numerical Illustration . . . . . . . . . . . . . . . . . . . . 107
3.4.3 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4 Input Output Relations 113
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.1.1 Supply and Demand Driven Optimisation . . . . . . . . . 115
4.1.2 Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.2 Model formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 117



vii

4.2.1 Dynamical System . . . . . . . . . . . . . . . . . . . . . . 117
4.2.2 Convenience Kinetics . . . . . . . . . . . . . . . . . . . . . 119
4.2.3 Linear Chain . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.3 Limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
4.3.1 Equilibrium Limit . . . . . . . . . . . . . . . . . . . . . . 121
4.3.2 Infinite Limit . . . . . . . . . . . . . . . . . . . . . . . . . 125
4.3.3 Limits in Original Parameters . . . . . . . . . . . . . . . . 127

4.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . 128
4.4.1 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
4.4.2 Linear Chain of 3 Enzymes . . . . . . . . . . . . . . . . . 130
4.4.3 Smallest Model with Two Nutrients . . . . . . . . . . . . 134
4.4.4 Choosing a different sensor in a Linear Chain . . . . . . . 135
4.4.5 Lengthening the Linear Chain . . . . . . . . . . . . . . . . 139

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
4.5.1 Interpretation of the Limiting Values . . . . . . . . . . . . 143
4.5.2 Answers to the leading Questions . . . . . . . . . . . . . . 145

4.6 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.6.1 Speculating How the Results will Scale to Larger EFMs . 148



viii



1
Introduction

1.1 Mathematical Modeling in Biology

Mathematics is the study of structure. To apply mathematics, a clearly defined
basis is required as a premise. In contrast to physics, biological systems have
few if any laws that could provide such a basis for modeling. The specific
context of the biological system should guide the mathematician which theories
or techniques should be used.

In pure mathematics, theory is based on axioms, giving the basis of what
is to be accepted without proof. A set of axioms allows for a clearly defined
formalism, which can be further researched to unearth inevitable truths, proven
from this underlying base. In this way mathematics builds a structure from the
axioms up in undeniable logical steps.

In applied mathematics, a certain model of reality is constructed. The power
of the application of mathematics thus depends on the choice of the model. As
a rule of thumb, the more detail the model encompasses, the less powerful is the
mathematics that can be applied. For some simple models, qualitative behavior
can be completely described, while for very descriptive models even proving
existence of solutions might be impossible.

Biology is the study of life. Life is complicated and intricate, with various
components simultaneously affecting the organisms of study. When considering
modeling choices, there always seems to be another layer of detail or an extra
mechanism affecting the system. Omitting mechanisms can only be justified if

1



2 Chapter 1. Introduction

experimental evidence proves that the mechanisms do not affect the quantities
that are of interest. This justification can only be made if the goal of the analysis
is clear. So a key feature of mathematical biology is making crystal clear what
the concept of interest is and where our understanding is lacking. Then we can
make modeling choices, balancing simplicity and detail, so that analysis can
reveal real insights while the model is descriptive enough for the problem of
interest.

1.2 Metabolism in Microbes

In this thesis we will focus on metabolism in microbes. Microbes are a fascinating
class of organisms, ranging from simple bacteria to eukaryotic yeast and amoeba
species. While they are small in size, they are unimaginably great in numbers,
with an estimated 5 · 1030 microbial cells on earth. Understanding microbial
metabolism of some species has led to utilising their capabilities on an industrial
scale with mass production of medicine, biofuel, and food products such as insulin,
ethanol and yoghurt respectively. Further applications and optimisation of such
technology is dependent on our understanding of the underlying metabolism.

In general terms, microbial metabolism can be described as the transport
and conversion of the molecules that reside in the cell (metabolites). These
conversions happen at a faster than natural rate as one would find in e.g. a
well-mixed chemical flask, because the reactions are facilitated by enzymes that
the cell produces (see Figure 1.1).

Figure 1.1: A schematic representation of enzymatic catalysis. Note that
the enzyme (in blue) is not consumed by the reaction.

Metabolites in this system are typically involved as substrates and products
of multiple enzymatic reactions, connecting the reactions in an intricate meta-
bolic network. The information of how many substrate molecules and product
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molecules are involved in all the individually catalysed reactions in the network
is called the stoichiometry of these reactions. Inside a network, specific selections
of enzymes taken together create pathways; nutrients like glucose are converted
by a pathway to desired output metabolites such as 2-adenine 5’-triphosphate
(ATP) which provides energy throughout the cell.

Metabolic flows are channeled by making more or less (or indeed none) of
the enzymes involved in the metabolic reactions and the rate of each reaction
generally increases with enzyme concentration. The enzyme concentration is
mostly determined by enzyme synthesis and dilution by growth: enzymes are
proteins and protein synthesis is a process of transcription and translation of
DNA (see Figure 1.2). In this way, the amount of enzymes that are produced
each second is determined by the level of activation of a gene. The cell continually
grows, diluting the cytoplasm and lowering the enzyme concentrations leading
to dilution by growth.

Figure 1.2: The first step of protein synthesis is transcription of DNA
through RNA polymerase, creating a molecule of mRNA, which is then
processed by ribosomes creating polypeptide chains. The polypeptide can
then fold to form proteins.

Even if the enzyme concentration is known, the flux through its reaction is
not fixed. The flux is also determined by the concentrations of substrate and
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product concentrations, and indeed also by temperature, pH and various other
factors. The enzyme kinetics are the way the flux through an enzymatic reaction
depends on the factors that influence it. These can be studied outside of the
living cell for measurements in test tubes through in vitro experiments. However,
important effects might then be ignored. Modeling the kinetic functions from
the results of in vitro experiments will often not describe the actual in vivo
dynamics [30].

The simplest example of an enzymatic reaction is the irreversible transforma-
tion of substrate S to product P by the enzyme E,

k1 k3

S + E 
 C → E + P,
k2

where E is free enzyme, C is the complex of S bound to E and k1, k2 and k3

are the rates at which these steps happen in Mass Action Kinetics. Note that
for simplicity we have assumed that P cannot bind to E, such that the overall
process is irreversible. The system is described by a set of simple differential
equations, which take the concentrations for S, E, C and P as variables, denoted
as s, ef , ec and p respectively. It is given by

ṡ = −k1sef + k2ec,

ṗ = k3ec,

ėf = −k1sef + k2ec + k3ec,

ėc = k1sef − k2ec − k3ec.

As we can see, the total amount of enzyme, e := ef + ec, remains constant over
time, because ė = ėf + ėc = 0 follows from the above equations.

The fraction of the total amount of enzyme that is bound to substrate as
the complex C is often known to quickly equilibrate, such that given an input
concentration s, the fraction ec

e is known. This means that we assume that at
all times ėc = 0. In this situation, the system simplifies to

ṡ = −k1sef + k2ec,

ṗ = k3ec, (1.1)
ėf = −k1sef + k2ec + k3ec = 0. (1.2)

Expanding on this simplification, we can see that (1.2) implies that the total
amount of substrate and product remains constant,

ṡ+ ṗ = 0.
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The total enzyme concentration e is constant over time, so we can use ec = e−ef
to rewrite (1.2) as

(k2 + k3)e− k1sef − k2ef − k3ef = 0.

Therefore

ef =
k2 + k3

k1s+ k2 + k3
e, ec =

k1s

k1s+ k2 + k3
e

So for any substrate concentration s, the above equations provide the fractions
of enzymes that are free or bound by substrate respectively in rapid equilibrium.
If we substitute ec in (1.1), the rapid equilibrium assumption has yielded a
simplification to two variables: e and s.

ṗ = e
k1k3s

k1s+ k2 + k3
,

= e
kcats

kM + s
,

where

kM =
k2 + k3

k1
and kcat = k3,

simplifies the notation. The enzyme kinetics that we have now derived is called
irreversible Michaelis Menten (MM).

Other assumptions on what can bind to the enzyme will lead to variations of
enzyme kinetics. For instance some enzymes are such that a molecule can bind
and unbind to the enzyme, rendering the active site useless when bound. This
is called allosteric inhibition and will add a term in the denominator with the
concentration of this inhibiting molecule, making overall rate of the enzymatic
reaction slower [25]. Or when multiple substrates are involved and the complex
with one substrate bound to it is more likely to bind the second substrate. This
is called cooperativity [21].

Deriving a simplified ODE system from mass action kinetics — using the
Quasi Steady State Assumption as a tool — yields reaction kinetics with a
nonlinear dependency on the substrates involved, and a linear dependency on
the enzyme concentration. Later in this work, we will find useful consequences
in these observations.
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1.3 Optimal Fitness for Yeast Glycolysis

1.3.1 A Minimal Model for Sustained Oscillations

Yeast has been a model organism for decades. Specifically its metabolism has
been studied extensively, not just for the practical aspects of fermenting to brew
alcoholic beverages or to bake bread, but for its interesting dynamics as well
[26, 1, 29, 30].

A key example is that under certain conditions, yeast will show sustained
oscillations in its metabolite concentrations. The concentrations of the substrates
involved in the glycolytic pathway show a recurring cycle that does not stabilise.
Glycolysis is the pathway that converts glucose to pyruvate, ATP and NADH
and is one of the central pathways in metabolism, since it is one of the main
sources of energy and small precursor molecules that form the basis of many
larger molecules such as DNA, lipids, and amino acids (see also Figure 1.5).

Phosphofructokinase (PFK) is one of the central enzymes in glycolysis. It adds
a second phosphate group to a phosphorylated fructose molecule by transferring it
from an ATP molecule, producing fructose-1,6-bisphosphate (FBP). Experimental
observations show that, during oscillations, when the metabolic concentrations
upstream of PFK are high, those downstream are low and vice versa, an indication
that PFK is involved in causing oscillations.

In a recent study [2], a minimal model was studied, including only the
variables and effects that are of concern for glycolytic oscillations. It serves
as an interesting example of a simple, yet applicable model with an extensive
parameter-free analysis, so we will consider it here in some detail. By parameter-
free analysis we mean no specific values are assigned to the parameters and the
analysis uses symbolic computations only.

We assume that the upstream supply is sufficient for a steady supply of glucose
into the system. Only the ATP concentration a and the lumped concentrations
of metabolites downstream of PFK before ATP production including FBP (f)
are considered. This provides a two-state model given by

ḟ = v1 − v2,

ȧ = −v1 + 2v2 − v3,

where v1 denotes the flux through the PFK catalysed reaction, v2 the flux
through pyruvate kinase (PK) and v3 the flux of ATP consumption of the cell,
see also Figure 1.3.

Note that the stoichiometry yields that glycolysis as a whole consumes two
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f

a

(glucose)

v1

v2

v3

2×

Figure 1.3: A graphical representation of the stoichiometry of the minimal
model for oscillations. The nodes are the different metabolites, the arrows
are the reactions. The red connections signify allosteric inhibition.

ATP, while producing four ATP, yet PFK only consumes one ATP. The ratio
between input and output is kept 1:2 to take this into account.

Apart from the substrates involved in the reactions, other metabolites in-
fluence the rates without being consumed on produced in the process. This
allosteric influence can increase the rate (activation) or decrease it (inhibition).

The rates of fluxes v1, v2 and v3 in [2] are given by

v1 = ac−h,

v2 = kfa−g,

v3 = 1 + δ,

where parameter c is the cooperativity of ATP for PFK, h the degree of allosteric
inhibition of ATP on PFK, g is the degree of allosteric inhibition of ATP on PK,
k is the relative reaction catalysis rate of PK compared to PFK and δ is the
perturbation away from normalised ATP consumption of the cell.

Note that ATP does not directly inhibit PFK, but the less phosphorylated
Adenine Monophosphate (AMP) activates PFK allosterically. The AMP levels
decrease as ATP is produced through a conservation of total adenine phosphates,
so as a simplification this is considered allosteric inhibition of ATP in [2].
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If there is no allosteric inhibition, the system is locally unstable, but stability
can be regained if the inequalities

0 < h− c < k + 2g

hold for the parameters g, h, k [2]. So the system is stable if allosteric ATP
inhibition of PFK is higher than its cooperativity (h > c) with an upper limit
given by the relative PK rate and allosteric inhibition of PK by ATP,

h < c+ k + 2g. (1.3)

At this upper limit a transcritical Hopf bifurcation occurs, and h > c+k+ 2g
yields sustained oscillations. So this model indicates that the mechanism behind
sustained oscillations is excessive negative feedback of ATP on PFK.

However, Chandra et al. [2] go further, by considering “why.” What fitness is
gained by risking that this limit on allosteric inhibition of PFK can be surpassed?
They reason that optimal robustness and efficiency forces h to be close to this
limit, so that a significant perturbation can breach the threshold for oscillatory
behaviour.

Robustness is measured as the relative change in steady state ATP concentra-
tion ā from perturbing the cell’s ATP consumption v3 away from 1 to 1 + δ. The
pathway is considered robust if this change ā

δ is small. The size of this change is
approximated in the linearisation around the steady state as∣∣∣ ā

δ

∣∣∣ =

∣∣∣∣ 1

h− c

∣∣∣∣ ,
so that high allosteric inhibition (large h) provides robustness.

Increasing h leads to a robust system that is unstable if the upper limit for
stability is not upheld. To allow for a stable and robust system, k + 2g needs to
be large. This can originate from either having a high PK enzyme concentration,
an efficient PK enzyme (k is large in both cases) or allosteric inhibition of PK
(large g). Increasing k or g means a more complex enzyme or just more enzyme,
but the cell is constrained in its enzyme production capabilities. Cells gain
fitness by accomplishing metabolism rates for a minimal investment in enzyme
production. Therefore extra investment in PK production is a cost to efficiency.

In conclusion, between robustness, efficiency and stability, the quantity k+2g
is forced in opposing directions; the optimum complies to the bound for stability
(h < c+ k + 2g) (1.3), but is close to violating it. This stability is thus fragile
and in rare cases, a perturbation might breach this threshold and sustained
oscillations would occur.
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1.3.2 Minimal Model for an Imbalanced State in Yeast

Another interesting dynamical profile in yeast is the occurrence of a so-called
imbalanced state, studied extensively in Section 2.3.4 of Chapter 2.

When starved cells are subjected to an environment that is rich in glucose, a
part of the population will fail to grow. This phenomenon was first observed only
in a gene knockout mutant (TPS1), but has since been experimentally observed
in wild type yeast S. cerevisiae as well [33].

It is known that yeast will switch from pure respiration to mostly anaerobic
fermentation, even if oxygen is readily available, if the glucose levels are high
enough (over 0.8 mM [34]). This so-called Crabtree effect follows the fitness
criterion of highest steady state flux, because the rate of production of desired
products is higher if the cell focuses its capacity more on the fermentative process:
glycolysis and ethanol production. This means that the immediate activation of
the fermentative pathway is the expected strategy for yeast in this experiment,
but despite abundant nutrients, some cells fail to grow, while others in the same
conditions grow at a normal rate.

To understand this phenomenon, van Heerden et al. [33] made use of a
minimal model of yeast glycolysis. As the concept of interest is more subtle than
the sustained oscillations from before, the model depicted in Figure 1.3 does not
encompass enough mechanisms to predict the observed outcome.

Notably, the saturation of enzymes in the modeling of kinetic functions and
the phosphate concentration are lacking in the previous model, while allosteric
inhibition is simplified. This leads to a three-state model, described and analysed
in detail by Planqué et al. [19].

The model follows the differential equations (see Figure 1.4),

ḟ = v1 − v2 − v3,

ȧ = −2v1 + 4v2 − v4,

ṗ = −2v2 + 2v3 + v4 + v5,

where f is the FBP concentration, a the ATP concentration, p the phosphate
concentration, v1 denotes the flux through the reactions leading from glucose to
FBP, dictated by the PFK flux, v2 denotes lower glycolysis dominated by the
flux through pyruvate synthesis (PK), v3 the flux through the glycerol pathway,
v4 the flux of ATP consumption of the cell (ATPase) and v5 the exchange of
phosphate with the vacuole.
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f

4a

2a

2p

a

p

(glucose)

(ethanol)

(glycerol)

(vacuole p)

v1

v2

v3

v4

v5

Figure 1.4: A graphical representation of the stoichiometry of the minimal
model for metabolic explosion. The nodes are the different metabolites,
the arrows are the reactions. The metabolites between brackets are not
considered as dynamic variables.

The fluxes are given by

v1 = V1h(a),

v2 = V2f2(f)p2(p),

v3 = V3f3(f),

v4 = V4a4(a),

v5 = V5(Π− p),

where V1, . . . , V5 are the maximal flux rates, h(a) is increasing in a through sub-
strate activation for small a, but decreasing through indirect allosteric inhibition
for large a (similar to the previous model). The functions f2, p2, f3 and a4

have substrate activation and saturating properties (see Figure 2.3) and Π is the
concentration of phosphate in the vacuole, considered as constant.

Planqué et al. [19] elucidate that the model described here and depicted in
Figure 1.4 has a regular and stable steady state for a wide range of parameters.
However, for these parametrisations of the model, there is also another stable
state in which there is complete saturation of the FBP-consuming fluxes (f =∞
in the model), with depleted ATP and phosphate levels. This “imbalanced”
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state in which there is accumulation of FBP, but balanced production and
consumption of ATP and phosphate allows for a bistable system. This bistability
is exactly what accounts for genetically identical yeast cells to have a growing
and a non-growing subpopulation in a glucose-rich environment.

To perform a steady state analysis, setting the time derivatives to zero yields
no direct insight, but by combining these equations in the following way,4 1 0

2 1 0
2 1 1

ḟȧ
ṗ

 = 0,

a system of equations more amenable to analysis is found,

2v1 = 4v3 + v4,

2v2 = 2v3 + v4,

v5 = 0,

so p = Π can be seen from the last equation.
In the imbalanced state, the variable f is unbounded. However, the reaction

fluxes saturate, because f2 and f3 are MM-type irreversible reactions, which
tend to 1 with f approaching infinity. Rescaling f as φ = f2(f), the domain of
the problem is compactified to φ ∈ [0, 1].

These main simplifying steps lead to a complete qualitative overview of the
families of steady states that this model can have for any possible choice of
parameters [19].

An important rescue mechanism against this ATP depleting, imbalanced state
is the presence of ethanol. This leads to a decrease in the size of the population
of dysfunctional cells. Numerical simulations show that this can be attributed to
the amount free electrons through the redox balance [33]. The redox balance is
dictated by the balance between the levels of nicotinamide adenine dinucleotide
(NAD) in its oxidised (NAD+) and reduced (NADH) form. These metabolite
levels are completely ignored in the core model of [19] presented here, the model
analysis will not elucidate this rescue mechanism and a more involved model is
needed.

This mechanism is included in the model described in Chapter 2 and depicted
in Figure 2.1. Chapter 2 provides an analysis of this five-state model, which
extends our understanding of the bistability, and provides a simpler bifurcation
diagram than [19], even though the model is more complicated.

These models of yeast glycolysis are core models, involving two, three and
five dynamical variables only, and are the result of vast simplifications of reality.
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Figure 1.5: A descriptive model of the stoichiometry of yeast glycolysis

However, the complexity of the analysis increases dramatically as can be seen
from the comparison between the mathematics involved in [2] and [19] on the
one hand and Chapter 2 on the other. At the start of this work, it was conceived
that the goal would be to extend the analysis of Planqué et al. [19] to a fully
descriptive model of yeast glycolysis (see Figure 1.5) and Chapter 2 would
only be the first step. However, as may be seen from the extensive detailed
calculations necessary to prove the results in Chapter 2, we must for now come
to the conclusion that scaling this type of analyses to more detailed models is
premature.
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1.4 Optimal Specific Flux through Enzyme Dis-
tribution

In Chapter 2 the enzyme levels are assumed to be constant, while they are known
to be dynamic. There are many factors influencing the enzyme concentrations,
most notably dilution by growth and synthesis of enzymes. However, these
processes are slow compared to the metabolics, so constant enzyme levels are
reasonable if we constrain our scope to a short time frame.

We now shift our perspective to the slow timescale of dynamic enzyme con-
centrations, allowing us to study how microbes adapt to their environments.
Microbes have an impressive tendency to be robustly optimal for many scenarios
like heat stress or sudden availability of nutrients [6, 33]. These adaptations
involve changing the enzyme synthesis rates and switching to the optimal (com-
bination of) pathway(s) to supply the metabolic needs of the cell.

The enzyme concentrations are increased by synthesis and are reduced through
dilution by growth and degradation. For simplicity we will consider a cell that
has a fixed growth rate and the dilution by growth happens at a rate µ, which is
such that degradation of enzymes can be considered as negligible in comparison.
The cell produces enzymes constantly at rates proportional to µ, thus balancing
the enzyme levels in the cell between production and dilution.

In differential equations this is expressed as

ė = µε− µe,

where e is the vector of enzyme concentrations at this moment, −µe is the dilution
by growth for growth rate µ and ε is the distribution of enzyme production
capacity at this moment, scaled with µ such that, if ε remains constant, e will
approach ε.

This system so far is without any detail, but has an immensely complicated
term: ε. This term is the cumulative effect of many processes involving the
transcription of genes, the activation and inhibition of various steps in the enzyme
production process (see Figure 1.2), and availability of resources to allow for
enzyme synthesis.

The cell can effect adaptation to its environment, but it could be that the
extracellular substance that the cell grows on is not directly sensed. In other
words, if this external concentration changes, the cell has no direct information
about such changes. This is commonly the case for bacteria such as E. coli, which
are able to grow on dozens of different carbon food sources. E. coli could fill its
membrane with sensor proteins to have direct information about the presence
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or absence of different nutrients. However, this requires significant investment
in enzyme synthesis and leaves little space for the transport enzymes which in
fact fill the bacterial membrane. The only alternative is sensing the internal
fluctuations of metabolite levels in order to indicate the levels of external nutrient
availability.

The cell then steers ε based on changes in the internal metabolic concen-
trations. Already this proves to be a complex system, because the metabolic
concentrations are altered by enzyme catalysis, while the enzyme synthesis rates
adjust to the metabolite concentrations.

Metabolites Enzymes

Adaptation of production

Enzyme catalysis

Figure 1.6: Feedback cycle of synthesis and catalysis of enzymes in
metabolism. This connects the two systems of enzyme levels and metabolic
levels intrinsically.

How should ε depend on the metabolite concentrations? For instance, if the
flux through a pathway is restricted by one enzymatic reaction acting as a bot-
tleneck, then it can be increased by having greater investment into this one step
compared to the other enzymes. Which enzymes should be produced? And given
a certain selection, in what relative measure should production be distributed
over the active enzymes? How can such a bottleneck be avoided? These questions
are dependent on the dynamics of metabolism, which is considerably better
understood than the full interactions between dynamic enzyme and metabolite
concentrations. As we are mostly interested in understanding how cells achieve
new steady states after a change in the external nutrient concentrations, we are
therefore concerned with steady state solutions of the metabolics. Elementary
Flux Modes will appear as the natural steady state objects for this problem.
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1.4.1 Elementary Flux Modes

When the flux of each reaction vj is known, the time derivative of each metabolite
concentration xi is known, where 1 ≤ j ≤ n and 1 ≤ i ≤ m. For instance in
the toy model depicted in Figure 1.7, the rate of change in x2 is v2 + v3 − v4.
Similarly, the time derivatives of the other metabolites are

ẋ1 = v1 − 3v2,

ẋ2 = v2 + v3 − v4,

ẋ3 = 2v4 − v5.

x1

x2 x3

3×

2×

v1

v2

v3

v4 v5

Figure 1.7: Toy model of metabolism. Stoichiometry follows by counting
the molecules that are consumed and produced in each reaction.

If we write this in vector form,

ẋ1

ẋ2

ẋ3

 =

1 −3 0 0 0
0 1 1 −1 0
0 0 0 2 −1

 ·

v1

v2

v3

v4

v5

 ,

the information of which reaction consumes and produces which metabolites is
stored in a matrix. We call this the Stoichiometric Matrix N . This construction
scales to any number of enzymes n or number of metabolites m to form an
m× n-matrix.
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When we consider balanced flux, we demand ẋi = 0 for all i and solve the
resulting equations for

v =

v1

...
vn

 .

The solution is a linear subspace given as the kernel of N , because we require

Nv = 0. (1.4)

Returning to our toy model (Figure 1.7), if we take two independent vectors
in the kernel of N ,

m1 =


3
1
0
1
2

 ,m2 =


0
0
1
1
2

 , (1.5)

then the solutions to (1.4) are

{αm1 + βm2 : α, β ∈ R}.

However, the space of solutions is often smaller, because biological impedi-
ments can demand certain fluxes to be positive. For instance if v1, v3 ≥ 0 are
irreversible and therefore are constrained to be positive, this leads to a smaller
possible set of solutions, because the first and third entry of αm1 + βm2 need
to be positive, which leads to the cone

{αm1 + βm2 : α, β ∈ R≥0}.

This cone is also generated by m1 and m2, but through positive linear combina-
tions.

A flux mode represented by a nonzero vector v is the set

{αv : α ∈ R>0}.

If we consider a general stoichiometric matrix N , then if N · v = 0 holds, the
whole flux mode represented by v is in the kernel of N .

For any metabolic network, a subset of the involved enzymatic reactions are
irreversible, yielding positivity constraints vj ≥ 0 for j ∈ I, where I indexes the
irreversible fluxes, and if v complies to these constraints, then the whole flux
mode that it represents follows it as well.
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An Elementary Flux Mode (EFM) is formally defined as a flux mode with
representative v where the following condition holds. If w is a nonzero flux
vector that

1. solves N ·w = 0,

2. complies to wj ≥ 0 for j ∈ I,

3. has wi = 0 for all i that have vi = 0,

4. w 6= −αv, for α ∈ R>0.

then w is an element of the flux mode represented by v.
An EFM therefore is a minimal pathway, such that if you set only one more

flux to zero, steady state is only possible if all fluxes are zero.
In our example (Figure 1.7), we can introduce the sole positivity constraint

v1 ≥ 0. In this case there are four EFMs, represented by m1 and m2 as noted
before (1.5), but also −m2 and

m3 =


3
1
−1
0
0

 .

m3 complies to the definition of an EFM, even though it is a positive linear
combination of other EFMs:

m1 + (−m2) = m3.

Every admissible flux mode that adheres to the positivity constraints is
a positive linear combination of a minimal number of Extremal Flux Modes.
The extremal flux modes are Elementary Flux Modes, because they sit at the
maximum amount of intersections between various boundaries of the positivity
constraints vj ≥ 0, i.e. have a maximal number of vj = 0. But as our example
shows, not every EFM is an extremal Flux Mode. Furthermore, the example
shows there may be more EFMs than the dimension of the subspace.

A more detailed introduction into EFMs can be found in [23, 24, 18].
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1.4.2 Maximal specific flux and Elementary Flux Modes
Microbes are clonal, so evolutionary fitness (long-term reproductive success) is
tightly coupled with time to reproduction, i.e. growth rate. High growth rates
require high steady state flux. This is quantified as specific flux : flux per unit of
enzyme expended to sustain that flux.

We consider each enzyme to have a concentration ej and flux vj = ejfj ,
where fj depends on the metabolite concentrations. Recall the last part of
Section 1.2, where it was shown that such a functional form is natural for enzyme
kinetics. As this means doubling the number of enzymes present doubles the
steady state flux, specific flux is maximised and not steady state flux.

The total amount of enzyme is

eT =

n∑
j=1

ej .

Finding the maximal steady state flux per unit of expanded enzyme yields
maximal specific flux. So given a target flux vr, finding

max

{
vr
eT

: N · v = 0, vj ≥ 0 for j ∈ I
}
. (1.6)

Perhaps surprisingly it can be shown that, no matter the complexity of the
metabolic network, the maximal specific flux is always attained in an Elementary
Flux Mode [35, 15].

Although we do not understand how cells perform the decision of choosing,
experimental evidence is mounting that microbial cells indeed express single
EFMs in many cases [3]. When considering a single, given EFM, the optimisation
problem (1.6) simplifies considerably: the flux values are now known up to a
constant, and many variables are now immediately known.

The remaining problem has recently been shown to be convex [16] and in fact
strictly convex in many cases [20]. In this same paper [20], a dynamic model,
called qORAC, was developed, that allows for robust optimisation of steady state
specific flux under changing conditions, without directly sensing the environment.
Essentially, it involves an explicit construction of the enzyme synthesis rates ε
that, when coupled to the metabolic pathway, imply maximal specific flux when
the combined controlled pathway is in steady state, irrespective of changing
external conditions.

In Chapter 3 we consider an adaptively controlled metabolic pathway with a
special, simple structure that allows for much analysis: a linear chain of reactions.
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For this special, but biologically important case, we investigate the stability of
the qORAC controlled pathway, and prove local stability.

In the last chapter, we try to obtain more generic insight into the actual
steering mechanism — which enzymes are made more or less abundant upon
a change in conditions. First we turn again to the linear chain of reactions as
focal example. The limiting situations of depleted nutrient concentration and
unlimited nutrient availability may be analysed by hand. Together these analyses
provide detailed insight into the behaviour of the control as food concentrations
change. We conclude the chapter and indeed the thesis with a numerical look at
different metabolic pathways.
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Understanding Start-up Problems in Yeast

Glycolysis

Gosse Overal, Bas Teusink, Frank J. Bruggeman,
Josephus Hulshof and Robert Planqué

Remark. This chapter is also published as an article [17] at the Journal for
Mathematical Biosciences.

Abstract

Yeast glycolysis has been the focus of research for decades, yet a number of
dynamical aspects of yeast glycolysis remain poorly understood at present. If
nutrients are scarce, yeast will provide its catabolic and energetic needs with other
pathways, but the enzymes catalysing upper glycolytic fluxes are still expressed.
We conjecture that this overexpression facilitates the rapid transition to glycolysis
in case of a sudden increase in nutrient concentration. However, if starved yeast
is presented with abundant glucose, it can enter into an imbalanced state where
glycolytic intermediates keep accumulating, leading to arrested growth and cell
death. The bistability between regularly functioning and imbalanced phenotypes
has been shown to depend on redox balance.

We shed new light on these phenomena with a mathematical analysis of an
ordinary differential equation model, including NADH to account for the redox

21
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balance. In order to gain qualitative insight, most of the analysis is parameter-
free, i.e., without assigning a numerical value to any of the parameters.

The model has a subtle bifurcation at the switch between an inviable equi-
librium state and stable flux through glycolysis. This switch occurs if the ratio
between the flux through upper glycolysis and ATP consumption rate of the
cell exceeds a fixed threshold. If the enzymes of upper glycolysis would be
barely expressed, our model predicts that there will be no glycolytic flux, even
if external glucose would be at growth-permissible levels. The existence of the
imbalanced state can be found for certain parameter conditions independent
of the mentioned bifurcation. The parameter-free analysis proved too complex
to directly gain insight into the imbalanced states, but the starting point of
a branch of imbalanced states can be shown to exist in detail. Moreover, the
analysis offers the key ingredients necessary for successful numerical continuation,
which highlight the existence of this bistability and the influence of the redox
balance.

2.1 Introduction

Metabolism is central to all life. The underlying network of enzyme-catalysed
reactions adapts to environmental conditions, in order to keep sustaining the
living state. In microorganisms metabolism is arguably even more important,
since metabolic rates are directly coupled to cellular growth rate, and hence
to fitness. Understanding the dynamics of metabolic networks is therefore an
important challenge in systems biology.

The glycolysis pathway has been the focus of research for decades. It meta-
bolises glucose into pyruvate, thereby using the free energy to generate 2-adenine
5’-triphosphate (ATP) and the freed electrons to reduce nicotinamide adenine
dinucleotide (NAD) to NADH. Glycolysis is essential for cells: it provides much
of the ATP that drives countless biological processes, and glycolysis provides
some of the most important precursor molecules, such as pyruvate, from which
amino acids, lipids and other macromolecules are synthesised. Moreover, many
metabolic branches feed into glycolysis, so that other sugars, such as fructose,
galactose, sucrose, maltose, lactose and others, may be metabolised through this
pathway as well.

When yeast is deprived of oxygen, its glycolysis converts pyruvate further into
ethanol and CO2 by oxidising NADH. This yields a very fast but inefficient energy
production, in which 2 out of the potential 12 ATP are obtained from one molecule
of glucose. The yeast glycolytic pathway has been studied extensively, and two
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fully detailed models have been developed which include fully parameterised
reaction kinetics for all the individual enzymatic steps [30, 11]. Nevertheless,
despite this wealth of detail, a number of dynamical aspects of yeast glycolysis
remain poorly understood at present.

When fermentable nutrients such as glucose or galactose are starting to
run out, the expression of glycolytic enzymes is downregulated. The levels of
the protein glycolytic regulator 1 (gcr1) drop dramatically [9], inducing this
regulation. The flux through glycolysis decreases and the cell enters a state of
quiescence. However, gcr1 only binds to the transcription binding sites of lower
glycolytic enzymes [1], while upper glycolysis is constitutively expressed, which
is often contributed to their double role as glycolytic and gluconeogenic enzymes
[1, 32].

If some nutrient like glucose would suddenly become readily available, already
having a functional upper glycolysis would spark a rise in many catabolic
precursors and free energetic ATP. In this paper we will show that this spark
immediately allows flux through glycolysis to start, before enzyme levels may
be adjusted through regulation. Cells that have the sufficient expression in
upper glycolysis will therefore outcompete their neighbours in the metabolic
timescale, giving them an evolutionary advantage. Our work also shows that the
concentrations of the lower glycolytic enzymes do not influence this threshold,
which shows that only the upper glycolytic enzymes need to be expressed when
the pathway is inactive to achieve this.

Yeast glycolysis has held another mystery for years. Yeast can synthesise
trehalose from the glycolytic intermediate glucose 6-phosphate. This reaction is
not a step of the glycolysis pathway, so one does not expect glycolysis to fail when
this reaction is disabled by means of a gene knockout. However, many cells of the
mutant in which this particular knockout is performed, the tps1-∆ mutant, are
not able to grow on glucose [33]. In [33] it was revealed that this mutant shows
a form of bistability between a regular steady state and an imbalanced state in
which some intermediate metabolites, including fructose-1,6-biphosphate (FBP),
accumulate in the cell, reaching toxic levels. In fact, also wild type yeast suffers
from this problem, but only a small part of the wild type population enters the
imbalanced state [33]. The trehalose branch does not completely inhibit this
effect, but makes it less likely for glycolysis to fail and more likely to grow well;
in dynamical systems terms: the basin of attraction of the imbalanced state is
reduced in size, so that the regular steady state is reached from a wider range
of initial conditions. In the analysis of a small core model of yeast glycolysis
in the tps1-∆ knockout [19], containing FBP, ATP and inorganic phosphate pi
as dynamic variable, the bistability between regular and imbalanced states was
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shown to exist, in line with experiments [33].
The tps1-∆ mutant experiments show that the size of the subpopulation

entering the imbalanced state is dramatically increased by removing the trehalose
branch. By experimentally increasing the ethanol concentration, a distinct
influence on the size of the imbalanced subpopulation was shown [33]. The
effect of more ethanol, however, could be contributed completely to a heightened
NADH/NAD balance, yielding a higher flux through the glycerol producing,
and FBP consuming, branch. Lower FBP levels facilitate convergence to a vital
steady state with normal glycolytic flux. Theoretically, this influence of redox
balance was not taken into account in the previous core model [19]. Here, we
shed light on the influence of redox balanced by including NADH and NAD as
dynamic variables.

When the metabolite concentrations external to the cell change, for instance
if a new food source becomes abundant, the cell’s limited enzyme production
needs to be redistributed by the gene regulatory network to reach a new steady
state to maximise the flux through glycolysis. It has recently been shown that
enzyme levels are indeed pervasively tuned to maximise growth rate in yeast [12].
The gene network is responsible for tuning enzyme levels, but it needs input
from the pathway it controls to sense changes in the environment. Nutrient-
specific membrane receptors could provide such input, and yeast has a detailed
glucose-sensing mechanism [7]. Nevertheless, as in most bacteria [13], yeast cells
also sense the flux through glycolysis by using glycolytic intermediates binding
to transcription factors. These then influence gene expression. Experimental
evidence suggests that FBP acts as such a flux sensor [4, 10], directly influencing
the gene network and thereby inducing changes in the glycolytic enzyme levels,
a form of adaptive control [20].

However, it is less clear why FBP should play this role as sensor. For FBP
to function properly, its concentration should contain sufficient information to
assess the metabolic flux through glycolysis. The FBP concentration should
therefore be associated to a unique steady state concentration profile. This has
been shown to be true experimentally and a mechanism has been proposed [13],
but it is not clear how this property emerges from the kinetic properties of the
glycolytic pathway. We investigate here for a detailed core model under what
parameter assumptions FBP indeed parametrises steady states. We also ask
the question whether the steady states may actually be faithfully predicted by
a flux value, for instance one of the FBP-consuming fluxes. Although we will
show broadly applicable parameter conditions which yield these phenomena, we
do not include dynamic enzyme concentrations or regulation. Therefore our
results indicate that the glycolytic pathway generally has kinetic properties that
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FBP pyruvate

ATP ADP (pi,vac) pi

2× 2×

v1 v2

v3

v4

v5

v6 v7

2 ATP 2 ADP 4 ADP
2 NAD
2 pi

4 ATP
2 NADH

2 NADH

2 NAD, 2 pi

NADH NAD

4 ATP, 3 NAD

4 ADP, 3 NADH, 4 pi

pi

(glc)

(glyc)

(eth)

(succ)

Figure 2.1: A graphical representation of the stoichiometry of our model.
The nodes are the different metabolites, the arrows are the reactions.
When a metabolite species is between brackets, the concentration is dis-
regarded or assumed constant in the model.

facilitate FBP to function as a flux sensor.

Introducing the glycolytic pathway
The essential elements of the phenomena described above are the inclusion
of FBP (f), ATP (a), inorganic phosphate (p) and NADH (n) as dynamical
variables, upper glycolysis (v1), lower glycolysis (v2), the glycerol branch (v3)
ethanol production (v4) and phosphate exchange with the vacuole (v7) as fluxes.
The glycerol pathway is a net consumer of NADH and ethanol is NADH-neutral,
so we need to include the succinate pathway (v5) as a net producer of NADH
and cannot lump v2 and v4 as v5 uses the intermediate pyruvate (y) as its input.
Then the ethanol pathway is producing ATP and we model all ATP consuming
fluxes in the cell in the lumped flux v6. This model (Fig. 2.1) is the simplest
possible to describe the phenomena of interest, yet already its complexity is high
in the context of qualitative analysis of core models.

We consider the metabolic timescale after a sudden increase in external
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glucose concentration. In this time frame we assume that the external conditions
are constant, such that the growth-permissable glucose and negligable ethanol
concentrations are fixed parameters. The concentrations of glycerol and succin-
ate are disregarded with the assumption of product insensitivity of v3 and v5

respectively.
The pi concentration is dynamically buffered (v7) by diffusion between the

cytosol and the vacuole. We assume that the concentration inside the vacuole is
not influenced on our timescale and is constant (Π). Therefore, p will be steered
towards Π by v7, the concentration of inorganic phosphate in the vacuole.

Conservation laws dictate the concentrations of ADP and NAD. The total
concentration of ATP and ADP is constant (aT ) and so the ADP concentration
(aT − a) is a dependent variable. Likewise the NAD concentration (nT − n) is a
dependent variable. The parameters aT and nT are determined by the initial
conditions.

The reactions in the model are lumped, and therefore we cannot use the
detailed rate functions given in the Teusink or Hynne models [30, 11]. Instead, we
have chosen to model them after a few important properties, monotone increasing
in the substrate concentration, saturating, irreversible and product insensitive.
The underlying assumption for irreversibility/product insensitivity is the common
way to consider PFK, which dominates the rate of upper glycolysis (v1); we also
model the cell as having a major glycolytic flux, making all fluxes very directional.
For this reason the fluxes v2, v3, v4 and v5 are irreversible Michaelis-Menten
type dynamics (see Figure 2.3). The reaction v1 in our model corresponds to
phosphofructokinase (PFK), a complex enzyme with many binding sites for
allosteric activation and inhibition and insensitive for its product FBP, which
allows for its indefinite accumulation in the imbalanced state. We simplify here
by assuming that v1 depends only on a [8]. Despite this simplification, PFK
still catalyses the most complex reaction: as a function of a, v1 is not always
monotone. The reaction flux increases for small a, because ATP is a substrate,
but at some point decreases, because ATP also allosterically inhibits PFK (see
Figure 2.2 for a sketch). This is a simplification of the reality where the allosteric
effect is indirectly effected through AMP [30].

For a more detailed mathematical description, the reader is referred to Section
2.2.

A first overview of the main techniques and results

In this section we only introduce the structure of the model, delaying a full
description to Section 2.2, and give a first overview of the main techniques and
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results.
The independent variables of the model are the concentrations of FBP (f), pi

(p), pyruvate (y), ATP (a) and NADH (n), which are collected in the vector x,
and 7 reactions v1, . . . , v7 collected in v(x). The model is a system of differential
equations,

ẋ = Nv(x),

with stoichiometric matrix N and reaction rates v(x) detailed in Section 2.2.
Each row of N denotes how many molecules of that metabolite are used as a
substrate (negative entries), or produced (positive entries), by the 7 reactions.

The main goal is to shed light on the change in steady state behaviour of
the model, using a natural bifurcation parameter. All three types of behaviour
(equilibrium, regular and imbalanced states) have been documented in yeast
glycolysis, and will be studied.

To facilitate steady state analysis, we need to separate the variables and
fluxes as much as possible. Mathematically, any basis of the row space of N ,
RowN , yields the same null space and therefore the same steady states. In
Section 2.3.1 we will give several bases, each of which is useful for a different
part of the analysis. A general method to find such a basis is detailed in the
Supplementary Information (SI).

For each parameter choice, there will typically be one or several regular steady
states that together with their stability describe the behaviour of the model
for this choice of parameters. A perturbation of some parameter will perturb
also the steady states and/or stability. A standard technique in bifurcation
analysis is to consider one parameter as a continuous variable, the bifurcation
parameter λ, and follow the steady states along this continuously changing curve.
These curves can then have special points of interest with clear meaning, such
as two curves intersecting and exchanging stability (a transcritical bifurcation).
There is a rich availability of possible parameters, but given the phenomena
of interest, the most obvious choice is λ = V1. This parameter corresponds to
the Vmax parameter of v1. In our model, it incorporates both the abundance
of glucose and the enzyme levels of upper glycolysis. Both have been shown to
influence whether yeast cells have problems starting up glycolysis, work normally,
or indeed keep accumulating glycolytic intermediates.

The equilibrium states, where there is zero flux, are shown to be two axes
of the phase space and at the intersection of these there is a (complicated)
bifurcation of a simple eigenvalue, a transcritical bifurcation. To show how
this bifurcation unfolds, we need an explicit expansion of the emergent curve
of steady states. This allows us to show that the regular steady states exist
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whenever V1 >
1
2V6 (Theorem 3). This shows that glycolysis will only start

up if the upper glycolytic flux crosses a lower bound with respect to the ATP
consumption in the cell.

We prove that all non-equilibrium steady states are locally described by a
single, one-dimensional curve and that the FBP concentration parametrises this
curve under a mild parameter condition (Theorem 4). Although this does not
lead to new biological insights, it shows that the model does what it is supposed
to do; the setup of the model is to describe a functional cell with glycolysis as
the most dominant pathway in its metabolism, but from just the construction it
is unclear whether or not the model actually incorporates the normal behaviour
of a cell.

The most tangible way of considering the imbalanced state without numer-
ical simulation is to continue the curve of steady states until it reaches an
asymptote where FBP approaches infinity. To compactify the state space, we
use a coordinate transform from the metabolites to some fluxes to explicitly
solve most steady state equations, reducing them to one equation in two flux
variables. In the transformed variables, the imbalanced states are finite points
instead of asymptotic points. In this way we show that the glycerol flux v3

parametrises all steady states for some mild parameter conditions. This part of
the analysis provides the main justification to set up numerical continuations,
but does not provide direct biological insight. It is therefore included in the SI
for the interested reader.

The imbalanced states start at at the endpoint of the curve of regular steady
states. In Section 2.3.4 we show that V4 determines precisely where this endpoint
lies. We also show that this analysis provides insight into the influence of
increased ethanol on the imbalanced behaviour. As an aside, we show that
the pyruvate concentration can also reach infinity in our model, which is not
comparable to the living cell, but has been an obstacle in previous detailed
models of glycolysis [30].

To summarise, given growth-permissable glucose levels, the switch to glyco-
lysis can only be achieved if the cell has a high enough expression of the enzymes
in upper glycolysis compared to the ATP consumption of the cell. This emergent
curve of regular steady states can be continued until FBP reaches infinity at
a finite value of V1. In Section 2.3.5, we illustrate the coexistence between
regular and imbalanced states numerically. Although this is a simulation for a
specific parametrisation, our analysis so far has shown that its characteristics
are pervasive for other choices of parameters.
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2.2 The mathematical model

In complete detail, the system of equations is

ẋ = Nv(x),

where x, N , and v are

x =


f
p
y
a
n

 , N =



v1 v2 v3 v4 v5 v6 v7

f 1 −1 −1 0 0 0 0

p 0 −2 2 0 4 1 1

y 0 2 0 −1 −2 0 0

a −2 4 0 0 −4 −1 0

n 0 2 −2 −1 3 0 0

, (2.1)

v =



v1

v2

v3

v4

v5

v6

v7


=



V1h(a)

V2
f

k2,f+f
p

k2,p+p
aT−a

k2,a+aT−a
nT−n

k2,n+nT−n
V3

f
k3,f+f

n
k3,n+n

V4
y

k4,y+y
n

k4,n+n

V5
y

k5,y+y
a

k5,a+a
nT−n

k5,n+nT−n
V6a
V7(Π− p)


. (2.2)

For the variables in x, we demand

f, y, p ∈ R≥0, a ∈ [0, aT ], n ∈ [0, nT ]. (2.3)

In the definitions of the reaction rates, all parameters are positive and h(a) is
defined as follows (see also Figure 2.2 for a sketch),

h(a) =
a(d1 + a)(d2

1 + L(K + d3)2)

d1(d1 + a)2 + d1L
(
K+d2a
K+a

)2

(K + d3)2

. (2.4)

The parameters d1, d2, d3, and d4 are also positive. This formula is based on
[30], where the concentrations of all metabolites apart from a are assumed to be
constant [8], and V1 is rescaled such that h′(0) = 1.

The bifurcation parameter is λ = V1 ≥ 0.
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0 a

h(a)

Figure 2.2: Schematic illustration of h(a), with h′(0) = 1 i.e. v′1(0) = V1.

0 c

V c
k+c

k

1
2V

V

Figure 2.3: Michaels-Menten kinetics for substrate concentration c with
parameters V and k.

2.3 Steady state analysis

The goal of this section is to gain insight into the steady states; steady states
are solutions x to the steady state equations, given by

Nv(x) = 0, (2.5)

with x, N , and v defined as in (2.1) and (2.2). We aim to solve these equations
for x and the bifurcation parameter λ = V1.

2.3.1 Suitable representations of the null space of N

We provide a general method to construct different bases of RowN in the SI,
which separate fluxes and variables as much as possible. The new version of the
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steady state equations that are used throughout the paper are given by

Ñ36 :=


10 0 −28 0 0 −5 0
0 10 −18 0 0 −5 0
0 0 −14 5 0 −5 0
0 0 −2 0 5 0 0
0 0 0 0 0 0 1

 . (2.6)

In the SI we also use two other versions of this matrix, denoted Ñ56 and Ñ356.
Each is useful for a certain part of the analysis.

2.3.2 The equilibrium states
The system has trivial solutions, which we refer to in this work as equilibrium
states.

Definition 1. A state x is called an equilibrium state if v(x) = 0.

Chemical equilibria are usually dynamical steady states, where the forward
and backward reactions are balanced, but in our model nearly all reactions are
irreversible (the exception being v7). As a modeling artifact, the equilibrium
states in our model are not balanced in forward and backward reactions, but
have zero forward and zero backward reactions. They therefore cannot represent
a living cell. Nevertheless, the V1 parameter, which includes both glucose avail-
ability and upper glycolytic enzyme concentrations, is an important parameter.
Starved yeast cells do sometimes have problems starting up glycolysis, even when
offered abundant glucose. We are therefore interested how the glycolytic pathway
behaves for lower values of V1. The equilibrium states are therefore of importance
in our case, even though they cannot represent living cells. We note, however,
that if in our model the equilibrium state is stable and the non-equilibrium state
is unstable, the cell cannot use glycolysis (as modeled here) for its ATP needs,
but must turn to other pathways.

Lemma 2. The equilibrium states are x =


f
p
y
a
n

 =


0
Π
y
0
n

, where yn = 0.

The proof can be found in the SI. The equilibrium states are a family of
two lines on the boundary of the metabolite space. Either (0,Π, 0, 0, n), where
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n ∈ [0, nT ] or (0,Π, y, 0, 0), where y ∈ R≥0. The intersection of these two families
is the equilibrium

x0 =


0
Π
0
0
0

 .

In the SI we show that x0 is, in fact, the only relevant equilibrium, because
a transcritical bifurcation occurs at x0, giving rise to the non-equilibrium, or
regular, steady states. We also show that any regular steady state that is near
the equilibrium states is on this emergent curve. Furthermore, at this bifurcation
x0 transfers local stability to the regular non-equilibrium steady states.

The equilibrium state x0 is thus a highly degenerate point, where three
families of steady states meet. The bifurcation analysis for this point is therefore
quite subtle. The bifurcation point has a quadruple zero, of which three zeros
have to be separated before the actual bifurcation becomes emerges.

The curve can even be made explicit as a power series expansion in t = λ− V6

2 ,
approximating f , y, a and n around (x0,

V6

2 ) (see SI for details). The variables
may be expanded as

f = f2t
2 +f3t

3 +O(t4),
y = y1t +y2t

2 +O(t3),
a = a2t

2 +a3t
3 +O(t4),

n = n1t +n2t
2 +O(t3),

(2.7)

with all coefficients strictly positive. Therefore the curve enters the domain of
biologically relevant (x, λ)-space at V6/2, for increasing λ, because the lowest
order terms of the variables are all positive.

Theorem 3. For any possible choice of parameters, there exists a transcritical
bifurcation at λ = V6/2, at which the equilibrium state x0 confers stability to the
regular steady state.

We note that, compared to the previously studied core model [19], which
lacked NADH and pyruvate, the bifurcation structure is simpler, with an uncon-
ditional transcritical bifurcation at λ = V6/2.
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2.3.3 Parametrising steady states by metabolite concen-
trations

In order to investigate whether f may act as a flux sensor at fixed enzyme levels
(fixed Vi’s), we will show that the bifurcation curve is locally one-dimensional re-
gardless of parametrisation, and, under mild and biologically plausible parameter
conditions, can be parametrised by f .

For the following analysis, we will use the matrix Ñ36 (2.6), since its Jacobian
has most entries with a clear sign, irrespective of parameter values. The steady
state equations are given by Ñ36v(x) = 0, which can be written out as


10λh(a) −28v3 −5v6

10v2 −18v3 −5v6

5v4 −14v3 −5v6

5v5 −2v3

V7(Π− p)

 = 0, (2.8)

with v2, . . . , v6 as defined in equation (2.2). We now focus on regular steady
states in which f, p, y, a, n > 0 and a < aT , n < nT . The equations

10λh(a) = 28v3 + 5v6,

V7(Π− p) = 0,

are solved by

λ =
28v3(f, n) + 5v6(a)

10h(a)
, p = Π. (2.9)

The solution for p shows that the pathway neither produces nor consumes
phosphate in regular steady states. The remaining steady state equations (2.8)
are K(f, y, a, n) = 0, where

K(f, y, a, n) =

 10v2(f,Π, a, n) −18v3(f, n) −5v6(a)
5v4(y, n) −14v3(f, n) −5v6(a)

5v5(y, a, n) −2v3(f, n)

 . (2.10)
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Let dK denote the Jacobian matrix of K. Note that we can factor it as follows,

dK =

10∂v2∂f − 18∂v3∂f 0 10∂v2∂a − 5V6 10∂v2∂n − 18∂v3∂n
0 5∂v4∂y −5V6 5∂v4∂n − 14∂v3∂n

−2∂v3∂f 5∂v5∂y 5∂v5∂a 5∂v5∂n − 2∂v3∂n

 (2.11)

=

10 −18 0 0 −5
0 −14 5 0 −5
0 −2 0 5 0

 · (∂(v2, v3, v4, v5, v6)

∂(f, y, a, n)

)

The left matrix is a submatrix of Ñ36 (2.6) and we will expand upon the right
matrix to reformulate it (2.12).

With the exception of v1, the rate functions which make up v are products
of individual functions of one variable, in which each function is monotone
increasing in its variable (here we include the dependent variables b = aT − a
and d = nT − n for ADP and NAD respectively). Thus any partial derivative of
a reaction to a metabolite yields the same product, where the function of the
specific metabolite is replaced with its derivative (with a possible minus in front).
Moreover, this structure is independent of the specific values of parameters or
variables.

We introduce some notation to capture these properties: let zi := z
ki,z+z .

where z is a metabolite concentration and i follows from which flux vi we consider.
For instance, for flux v3 we get v3 = V3f3n3, where f3 = f

k3,f+f and n3 = n
k3,n+n .

In this notation, ∂v3∂f = V3f
′
3n3, for instance. The possible minus comes from

taking a partial derivative to a for a function bi or likewise for n and di, which
yields −b′i or −d′i respectively. Then multiplying with 1 = zi

zi
we get that the

partial derivative to z of a flux is this flux times a logarithmic derivative of its
z-dependent function,

∂vi
∂z

= ±vi
z′i
zi
.

We use here that zi is nonzero for any concentration z and flux vi, which
follows from our positivity assumptions on the metabolite concentrations. In
this notation, we can rewrite the flux definitions (2.2) as

v2

v3

v4

v5

v6

 =


V2f2p2b2d2

V3f3n3

V4y4n4

V5y5a5d5

V6a

 .
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We take partial derivatives to f , y, a and n and rewrite to get

(
∂(v2, v3, v4, v5, v6)

∂(f, y, a, n)

)
=


v2
f ′2
f2

0 −v2
b′2
b2
−v2

d′2
d2

v3
f ′3
f3

0 0 v3
n′3
n3

0 v4
y′4
y4

0 v4
n′4
n4

0 v5
y′5
y5

v5
a′5
a5

−v5
d′5
d5

0 0 V6 0

 . (2.12)

Each of these logarithmic derivatives is positive and the fluxes are also positive.
Now we have dK in a form amenable to analysis.

The Jacobian dK has one column more than it has rows; removing a column
and computing the determinant yields a subdeterminant. If a subdeterminant
is nonzero for a given solution of K(f, y, a, n) = 0, then the Implicit Function
Theorem (IFT) gives us that the solutions can be locally parameterised in the
variable corresponding to the removed column [14]. For example, proving that
the subdeterminant where the first column of dK is removed is nonzero for a
solution (f, y, a, n), implies that locally the steady states are on a one-dimensional
manifold that can be parameterised by the concentration f . We will prove that
this is the case.

Theorem 4. The non-equilibrium steady states can be described as a one-
dimensional manifold parameterised by concentration f if

k4,n ≥ k3,n. (2.13)

Proof. We only need to show that for any solution of equation (2.10), the
subdeterminant of dK, where the first column is removed, is nonzero. We can
start at an arbitrary solution and follow the locally defined manifold for decreasing
f . We can continue this until the subdeterminant is zero, but the subdeterminant
is nonzero for any non-equilibrium steady state and f is decreasing, so we must
encounter an equilibrium state, where indeed the subdeterminant is zero. In
Section 2.3.2, we showed that there is only one emergent curve of non-equilibrium
steady states from the equilibrium states, hence all steady states are on the same
curve, starting at x0 for f = 0.

So it remains to be shown that the subdeterminant of dK, where the first
column is removed is nonzero for any solution of equation (2.10). Using the
reformulation of the Jacobian (2.12), we can write the relevant subdeterminant
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as ∣∣∣∣∣∣∣∣
0 −10v2

b′2
b2
− 5V6 −10v2

d′2
d2
− 18v3

n′3
n3

5v4
y′4
y4

−5V6 5v4
n′4
n4
− 14v3

n′3
n3

5v5
y′5
y5

5v5
a′5
a5

−5v5
d′5
d5
− 2v3

n′3
n3

∣∣∣∣∣∣∣∣ .
Writing this out, we can see that it is a sum of three negative terms and

−(10v2
b′2
b2

+ 5V6)(5v5
y′5
y5

)(5v4
n′4
n4
− 14v3

n′3
n3

),

where the right factor does not have a clear sign. We see that the entire
determinant is negative if this factor is nonnegative,

5v4
n′4
n4
− 14v3

n′3
n3
≥ 0.

To show the above inequality, we use the steady state equations (2.8). In
particular

5v4 = 14v3 + 5v6.

Substituting this equation for 5v4, we see that the subdeterminant is smaller
than zero if the following inequality (or its rewritten form below) holds,

(14v3 + 5v6)
n′4
n4
− 14v3

n′3
n3

≥ 0,

14v3

(
n′4
n4
− n′3
n3

)
+ 5v6

n′4
n4

≥ 0.

This would follow from the inequality

n′4
n4
− n′3
n3
≥ 0,

which is a consequence of our assumption k4,n ≥ k3,n as we can write out the
definitions (2.2),

n′4
n4
− n′3
n3

=
k4,n

(k4,n + n)2

k4,n + n

n
− k3,n

(k3,n + n)2

k3,n + n

n

=
k4,n(k3,n + n)− k3,n(k4,n + n)

(k3,n + n)(k4,n + n)n

=
k4,n − k3,n

(k3,n + n)(k4,n + n)

≥ 0.
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Although the parameter condition of Theorem 4 is comprehensive and accept-
able, we can make a more general statement. We now prove that any admissible
nonzero vector (f, y, a, n) yields a Jacobian dK where any two subdetermin-
ants are never both zero. In this way we prove that any solution lies on a
one-dimensional curve of solutions.

Lemma 5. Given f, p, y, a, n > 0 and a < aT , n < nT , then if a 3 × 3 subde-
terminant of dK is 0, then the other subdeterminants are nonzero.

Proof. Assume, for the sake of contradiction, that two arbitrarily chosen subde-
terminants are zero. This yields two equations that must hold. We can rewrite
these equations as expressions for V2 and V6, because in those parameters, the
equations are polynomial. Although this is a cumbersome task, it is elementary.
The full computations can be found in the supplementary Mathematica script.
The script uses the rewritten form of dK from equation (2.12). The resulting
expressions show that V2 < 0 or V6 < 0 follows from the positivity constraints
on the other parameters and variables, regardless of their specific values. The
parameters V2 and V6 are constrained to be positive themselves, so this is a
contradiction. We conclude that if one subdeterminant is zero for an admissible
solution x, the other subdeterminants are nonzero.

An immediate consequence the Lemma 5 is the following Theorem.

Theorem 6. All steady state solutions in the interior of the extended metabolite
space, (x, λ) > 0, lie locally on a smooth one-dimensional manifold.

The curve of steady states can not only be parametrised by f , but also by
the flux v3.

Theorem 7. All solutions to (2.5) in (x, λ) are on a manifold described as a
function of v3, if the following condition on the parameters is satisfied,

k3,f − k2,f + 2V2k3,f
Π

k2,p + Π

nT
k2,n + nT

k2,a

V6(k2,a + aT )2
> 0. (2.14)

The proof is a long exercise in algebraic manipulation of equations. The
reader is referred to the SI, because these details do not contribute to biological
insights. To prove this Theorem, the state space is compactified, making the
imbalanced states in which f →∞ finite objects.
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2.3.4 The imbalanced state
We now turn our attention to the imbalanced state in our model. We have
seen in Section 2.3.2 that the regular steady states connect with the equilibrium
states at the transcritical bifurcation; the other end of the curve must cross
the boundary where f or y is infinite. In this section we show that in fact any
such point can be at the end of the regular steady state curve if V4 is chosen
appropriately.

We want to continue the curve of steady states until f approaches infinity.
Through a simple coordinate transform this becomes a finite point. This point
does not itself signify an imbalanced state, because it is on the nullcline ḟ = 0.
The way to find imbalanced states is to consider all other nullclines and disregard
the nullcline for f . This gives a new curve of imbalanced states. If some are
stable and coexisting with regular steady states we have shown bistability.

The infinite endpoint of the steady state curve is found and classified below;
its continuation was unfortunately beyond our reach with parameter-free analysis.
Instead we turn to numerics to confirm the possible bistability and consider the
remaining biological questions (Section 2.3.5).

We will show that in this model, f and y may both keep increasing to infinity,
even simultaneously, depending on the parameter V4. This extends the analysis
on the smaller core model discussed in [19], in which this type of bistability was
also studied.

First we introduce a coordinate transform to rescale the points “at infinity”
to 1. Set

φ =
f

k3,f + f
, ρ =

y

k4,y + y
, (2.15)

so that

ψ(φ) =
f

k2,f + f
=

κfφ

1 + φ(κf − 1)
, κf =

k3,f

k2,f
, (2.16)

ρ5(ρ) =
y

k5,y + y
=

κyρ

1 + ρ(κy − 1)
, κy =

k4,y

k5,y
, (2.17)

where ψ(φ) and ρ5(ρ) map [0, 1] onto [0, 1], and are monotone increasing, one-to-
one functions. Note that these functions were also used to prove Theorem 7 and
can be found in the SI.

Theorem 8. For any (φ, ρ) ∈ (0, 1]2, the point (φ,Π, ρ, a∗, n∗, λ∗) is a steady
state, for a unique n∗ ∈ (0, nT ), a∗ ∈ (0, aT ) and λ∗ > 0, and a unique value of
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the parameter V4, given by

V4 =
7V5ρ5

a∗

k5,a+a∗
nT−n∗

k5,n+nT−n∗ + V6a
∗

ρ n∗

k4,n+n∗
. (2.18)

Proof. This proof is most easily followed from the schematic graphs in Figures
2.4, 2.5 and 2.6.

To prove the lemma, we need all equations to have clear monotonicity
properties in the variables a and n. So depending on what this behaviour in the
positive part in an equation is, we either choose v3 or v5 together with v6 to
complete that equation. For instance, v2 is monotone decreasing in n, thus in
each equation we need the negative parts to be monotone increasing in n; since
v5 is monotone decreasing in n and v3 is monotone increasing in n, v3 is the
right choice the argument. This leads us to use the following matrix, where only
the third row is different than in the matrix Ñ36 used in the previous sections,

10 0 −28 0 0 −5 0
0 10 −18 0 0 −5 0
0 0 0 1 −7 −1 0
0 0 −2 0 5 0 0
0 0 0 0 0 0 1

 . (2.19)

The steady state equations can then be rewritten as

2v3 = 5v5, (2.20)
10v2 = 18v3 + 5v6, (2.21)
v4 = 7v5 + v6, (2.22)

together with

λ =
28v3 + 5v6

10h(a)
and p = Π.

Recall the flux functions (2.2); written out, the first equation (2.20) is

2V3φ
n

k3,n + n
= 5V5ρ5

a

k5,a + a

nT − n
k5,n + nT − n

.

There is a unique solution n = n∗(a): this follows from the IFT, because the lhs
is 0 at n = 0 and increasing in n, the rhs is 0 at n = nT and decreasing in n.
The function n̂(a) is strictly increasing in a, because ∂v3

∂a = 0 and ∂v5
∂a > 0 (see

Figure 2.4).
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0 nNT

2v3
5v5

5v5

n∗→n∗

a ↑

Figure 2.4: Schematic representation of (2.20) in terms of n. As a
increases (the dotted graph), n∗ is increases.

The next equation (2.21) written out is

10V2ψΠ
aT − a

k2,a + aT − a
nT − n

k2,n + nT − n
= 18V3φ

n

k3,n + n
+ 5V6a.

Considered independently from (2.20), we have a unique solution n = n∗∗(a)
if a is small enough: note that the lhs is monotone decreasing and the rhs
monotone increasing in n. At n = nT the lhs is zero and the rhs positive, so we
can only use the IFT if, at n = 0, there is the inequality

10V2ψΠ
aT − a

k2,a + aT − a
nT

k2,n + nT
> 5V6a.

For a = 0, this inequality holds and by continuity, it will still hold as a in-
creases, with a maximum a∗∗, where the inequality becomes an equality, yielding
n∗∗(a∗∗) = 0. Therefore a ∈ [0, a∗∗), yields that n∗∗(a) ∈ (0, nT ) is a solution,
which is strictly decreasing in a, because ∂v2

∂n > 0, ∂
∂n (18v3 +5v6) < 0 (see Figure

2.5).
The equations (2.20) and (2.21) are not independent, so we need that n∗(a) =

n∗∗(a). These two solutions of n are the same for a unique a = a∗: the solution
to (2.20) n∗(a) is 0 at a = 0 and increasing, and the solution to (2.21) n∗∗(a) is
0 at a = a∗∗ and decreasing (see also Figure 2.6).

For simplicity, we will denote n∗(a∗) as n∗. Note that n∗ and a∗ do not
depend on V4.

The last steady state equation (2.22) written out with n = n∗ and a = a∗ is
solved by V4 ∈ R+:

V4 =
7V5ρ5

a∗

k5,a+a∗
nT−n∗

k5,n+nT−n∗ + V6a
∗

ρ n∗

k4,n+n∗
.
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0 nNT

18v3 + 5v6

18v3 + 5v6

10v2

10v2

n∗∗←n∗∗

Figure 2.5: Schematic representation of (2.21). The dotted graphs are
for larger a, giving smaller n∗∗. Note that a < a∗∗ in both cases.

0 aT aa∗∗

n∗(a)

n∗∗(a)

a∗

Figure 2.6: The equations (2.20) and (2.21) have a unique solution
(a∗, n∗) as the two solutions for n can be solved at the same time with
a = a∗.

If V4 is this value, the steady state curve will pass through our given (φ, ρ) ∈ (0, 1]2

with a = a∗ and n = n∗ as the remaining variables, and λ = 28v3(φ,n∗)+5v6(a∗)
10h(a∗) ,

p = Π.

The result of the above lemma implies that the steady state curve can end
in any point where φ = 1 or ρ = 1 depending on the parameter V4. This is
numerically illustrated by Figure 2.7.

Note that within this model, it is possible for pyruvate to accumulate. This
is an artifact of this model, and not seen in experiments. However, even in more
detailed models like the Teusink model [30] with reversible rate laws and fitted
parameters, this phenotype was numerically seen had to be avoided by increasing
fermentation, which coincides with increasing our parameter V4.
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Figure 2.7: Numerical illustration of the interpretation of Theorem 8.
The steady state curve for three different values of V4. Note that the
curve tends to f →∞ (φ→ 1) for smaller values of V4 and to y →∞
(ρ→ 1) for larger values. At the a critical value V4 = V4c, both tend to
infinity simultaneously.

The imbalanced state is characterised as having an accumulation of f while
the other variables are in steady state. In our analysis, this means that we
investigate a steady state of the related model where φ = 1 is fixed and ḟ = 0 is
not part of the steady state equations:

˙̃x = Ñv(x̃), (2.23)

where φ = 1, x̃ = (p, y, a, n) and

Ñ =


0 −2 2 0 4 1 1
0 2 0 −1 −2 0 0
−2 4 0 0 4 1 0
0 2 −2 −1 3 0 0

 .

We should however have ḟ > 0 as we want accumulation of f .
If we consider the steady states of this problem without assuming φ = 1, the

steady state curve as parameterised by v3 in Theorem 7 solves these equations,
because we have the same equations, without φ̇ = 0. Moreover the solutions
were nondegenerate (which follows from Lemma 5), so locally the solutions to
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Ñv(x) = 0 are a curved plane and the steady state curve separates the part
where ḟ < 0 and ḟ > 0. If the steady state curve connects to a point where
φ = 1, this is the starting point of a curve of imbalanced states. We can continue
in two directions; one will have ḟ > 0 and this is the branch we want to follow.

To find out which branch it is, we manipulate Ñv = 0. We sum the first and
third rows to see that ṗ+ ȧ = 0, which yields

0 = −2v2 + 2v3 + 4v5 + v6 + v7 − 2v1 + 4v2 − 4v5 − v6

= −2(v1 − v2 − v3) + v7,

in which we recognise ḟ = v1 − v2 − v3. We substitute v7 = V7(Π− p) from (2.2)
to get

ḟ =
1

2
V7(Π− p). (2.24)

Hence on the curved plane of solutions to Ñv(x), we have that p < Π is equivalent
to ḟ > 0, thus we follow the branch for decreasing p. This is to be expected
biologically: to continue production of FBP, phosphate needs to be added from
the vacuole, causing a drop in the vacuole concentration [33].

2.3.5 Numerical illustrations
In [33] it was shown through experiments and modeling that lower values of
upper glycolytic parameters would make it less likely for glycolysis to end up in
an imbalanced state. In our model, this would correspond to lower V1 making
it less likely to have a bistable imbalanced state. Second, a higher ethanol
concentration, reducing fermentation, was linked to a lower likelihood of an
imbalance between upper and lower glycolysis [33]. This higher ethanol pushed
the fermentative flux backwards upstream, and caused steady state values of
NADH and higher flux through the glycerol branch. In our model ethanol is not
included, but we can decrease fermentation by lowering V4.

Parameter-free analysis of how the regular steady states reach the imbal-
anced ones (Section 2.3.4) provides us with the mathematical insight to support
parameter manipulations in numerical investigations. We aim to confirm in our
model the bistability of steady and imbalanced states and confirm in our model
the “rescue mechanisms” of decreased V4 and decreased V1.

The bistability is indeed shown to exist (see Figure 2.8); the only parameter
condition seems to be that V7 needs to be low enough. This is consistent with
previous work [33, 31]. The imbalance between upper and lower glycolysis causes
a depletion of phosphate by continued production of FBP. This was the reason
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Figure 2.8: The steady state curve for the transformed variable φ, reaching
φ = 1 (i.e., f =∞, in blue) and the imbalanced states branching off from
this (red). Left: bifurcation curves in (p, λ, φ)-space; Right: the same
curves, showing the p and φ values along the curve, to better illustrate the
bistability between regular and imbalanced states. See SI for parameter
settings.

to include p as a dynamic variable. Limiting the supply of free p by lowering V7,
should therefore make the imbalanced state exist for even lower values of V1.

What can also be seen in in Figure 2.8 is that for λ = V1 low enough, there is
no bistability. So decreased V1 makes it less likely to have bistability confirming
the rescue mechanism of low V1. The Figure suggests that the curve ends, after
which there is no bistability. However, in the numerics we see an accumulation
of pyruvate near the end of the curve; for higher V1 there will be likely be a new
imbalanced state with both infinite FBP and pyruvate.

To shed light on the influence of V4, we tried several values of V4 and
observed the change in the imbalanced states, in particular the NADH and
λ = V1 values. In Figure 2.9 we see the curve of imbalanced states for three
different V4. Lowering the fermentative flux we go from black (highest), through
red, to magenta (lowest). There are three patterns of interest that can be seen
from this. The entire graph shifts up and to the right. In particular the point
where V1 is minimal also shifts to the right. The point where pyruvate starts
accumulating is encountered sooner. The shifting up of the entire graph means
a higher NADH, and shifting to the right requires a higher V1, both of which
support the narrative of the rescue mechanism for increased ethanol (lower V4).
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Figure 2.9: The NADH concentration n as a function of λ. Left: for
V4 = 4, V4 = 8, V4 = 16 the imbalanced state curves are plotted in
magenta, red and black respectively. Right: the regular steady states and
imbalanced states for V4 = 8. Parameter settings are discussed in the SI.

2.4 Discussion

With the goal of shedding light on aspects of glycolysis (bistability with an
imbalanced state, expression of upper glycolytic enzymes when glycolysis is
downregulated and FBP functioning as a flux sensor) we have provided an
exhaustive mathematical analysis of a core model. The precise mathematical
statements are given by Theorems 3, 4, 6 and 7 in Section 2.3. Their biological
interpretation is described below.

2.4.1 Without overexpression of its upper part, glycolysis
will not activate in starved yeast presented with gluc-
ose

If a yeast cell would not have its overexpressed upper glycolytic enzymes when
glycolysis is downregulated, a sudden increase in glucose will increase the ef-
ficiency of its enzymes, but the flux through upper glycolysis is then severely
limited. In our model this is represented by low V1. The higher the expression of
upper glycolytic enzymes, the bigger V1 may become when glucose is supplied.

Our analysis shows that there is a bifurcation from inactive to active glycolysis
for V1 = V6/2 (Theorem 3). This means that the pathway is not activated by an
increase in glucose if there is no overexpression of the upper glycolytic enzymes.
This bifurcation value is not influenced by V2 or V4, although they are assumed
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to be positive, i.e. the expression of the other enzymes in fermentative glycolysis
do not influence the activation.

2.4.2 Under mild conditions, FBP will function as a flux
sensor on the metabolic scale

Theorem 4 shows that f increases along the family of regular steady states. This
means it can act as a signal to the regulatory network and its value represents
the current flux. Of course the regulatory network will then adjust transcription
for the enzymes and the steady state flux and FBP concentration will be changed
again, so there is some discrepancy to our analysis and the working of a flux
sensor. However, on the metabolic scale it may act as a flux sensor.

2.4.3 Confirmation of bistable imbalanced state

The imbalanced state was not shown to exist with analysis, but through numerical
continuation. We confirmed the existence of imbalanced states and rescue
mechanisms. The steady state curve continues to infinite FBP, φ = 1, of infinite
pyruvate, ρ = 1, and it is possible to control the end point at infinity by
changing V4. From there, V7 may be changed freely (as it does not appear in
the finite steady state analysis). This suggests that bistability between regular
and imbalanced states are commonplace, and does not depend much on specific
kinetic parameters.

2.4.4 To both activate glycolysis and avoid the imbalanced
state, heterogeneity is key

Yeast has a highly dynamic environment, so populations of yeast need to adjust
quickly when nutrients are available. Our analysis shows that the expression of
upper glycolysis is caught between two pressures. On the one hand, it needs
enough expression to start up glycolysis, where more expression means higher
steady state flux. On the other hand, if the expression is too high, the bistable
imbalanced state appears which may cause an ATP-depleted death cycle. What is
more, these thresholds are both dependent on the external glucose concentration.
For the fitness of the population, it is therefore key that there is heterogeneity
in the expression of upper glycolysis. No matter what the specific concentration
is of suddenly available glucose, some cells in the population will immediately
activate glycolysis optimally and avoid the imbalanced state.
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2.4.5 A simple condition for the transcritical bifurcation

The bifurcation from Theorem 3 occurs when 2V1 = V6. The ratio of 1 : 2 is
exactly the ratio between the reactions v1 and v6 in the Elementary Flux Mode
which represents the normal glycolytic flux through the pathway (2.25). This
does not even take into account the other EFM which does involve the side
branches and should account for a part of the glucose uptake, specifically the
part that does not produce any ATP. This is surprising: as soon as the rate of
glucose uptake can support the ATP consumption downstream, the system has
an emerging stable steady state with balanced metabolism. So although the
condition V1 > V6/2 would seem to be a bare minimum for stability, it is all that
is required.

The subtle point in our proof where we see why this bare minimum is enough
is in the power series expansion (2.7). If we insert this expansion in the flux
functions (2.2), we get exactly that those in the main branch of glycolysis are
t2, while the side branch reactions v3 and v5 are of order t3. Hence, near
the equilibrium, the flux directly through glycolysis is dominating the glucose
consumption.

Such simple behaviour had been reported before in a small core model of
essentially the v1, v2 and v6 reactions [], but was not found in a slightly more
complicated core model including also v3 and v7 [19]. It this intermediate model,
there was a richer set of solutions than found both [] and in the current model.
The addition of NADH/NAD householding and pyruvate has again simplified the
bifurcation structure, despite the added metabolic complexity. The key difference
with [19] seems to be that there there could be steady state flux through the
glycerol branch without lower glycolysis, while flux balance analysis of the new
model shows that that is impossible (2.25). This follows from the redox balance
relating v3 to v5, and v5 needs lower glycolysis v2 to be active. The redox balance
therefore seems to tie together the pathways more, simplifying dynamics.

2.4.6 Scope of the techniques and general outlook

In this paper we have used three main techniques to study the bifurcation
structure of the moderately detailed pathway with explicit kinetics: EFMs, the
Implicit Function Theorem, and coordinate transformations. Here we briefly
discuss the generality of our approach to other (and larger) pathways.

The use of EFMs to construct alternative steady state equations (Proposition
9 in the SI) is general. This method will be of use particularly for models with
between four to about ten independent variables; with less, one can oversee
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the recombination of rows easily, and with more equations there will be a
combinatorial explosion in the number of EFMs, and they do not provide
additional insight. For higher numbers of independent variables, Extremal
Pathways might be more suitable than EFMs, as there are less of those, but at
some point also these will become cumbersome to use.

The Implicit Function Theorem is the basis of the transcritical bifurcation.
Furthermore it was used especially to prove that the regular steady states formed
a single curve. The technique uses smaller subdeterminants of the complete
Jacobian matrix, and the linearity of Vmax parameters in reaction functions to
prove that at least one subdeterminant is always nonzero. This technique scales
in principle to much larger networks, and it should eventually be possible to
prove in full generality whether a detailed model such as the ones by Teusink et
al. [30] or Hynne et al. [11] have the same property.

Finally, we used coordinate transformations to reformulate the steady state
equations, for two reasons: to exploit the linearity of fluxes in those equations,
and to compactify the dynamics and study imbalanced states “at infinity”. In
our case the inverse transformation could be explicitly calculated, but this is not
to be expected for larger networks (unless they involve several smaller individual
transformations between metabolites and fluxes). Moreover, the amount of work
necessary to prove that v3 parameterises the steady states was considerable, and
was strongly dependent on the explicit choices of reaction rate functions, their
product structure and whether they happened to be increasing or decreasing in
their respective variables. We do not expect that such calculations are possible
in much larger networks. On the other hand, setting up the transformation itself
was straightforward, and already allowed the study of both regular steady states
and imbalanced states.
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2.5 Supplementary Information

The supplementary Mathematica file contains the calculations for

• The expansion in equation (2.7), Section 3.2.
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• The local stability of steady states emerging from the equilibrium x0 at
the end of Section 3.2;

• The calculations in the proof of Lemma 6, Section 3.3.

For the steady states in terms of the reactions v there is a well-established
theory. The steady state flux distribution cone is the set of all possible solutions
v to equation (2.5). This cone can be described by the Elementary Flux Modes
(EFMs) [23, 24, 18]. This theory is largely based on linear algebra, because the
cone is contained in the null space of N , but there are also positivity constraints:
if a reaction is irreversible, it can only have positive flux.

We provide a brief summary of the theory on flux modes to keep this work
self-contained. The interested reader can find a more detailed overview in
[23, 24, 18]. A flux mode is represented by some fixed, nonzero reaction vector
V , which is a solution to (2.5) and another vector v is part of this flux mode
if and only if there exists some positive constant δ ∈ R≥0 such that v = δV .
So a flux mode has fixed ratios between fluxes. An Elementary Flux Mode
is, loosely speaking, a flux mode with a maximal number of zero entries. The
steady state flux distribution cone is the convex set of all flux modes. There is a
competing concept to describe the flux modes by means of extremal pathways
[22], which also span the cone. The smallest set of flux modes such that every
flux mode is a convex combination defines the set of extremal pathways. Every
extremal pathway is an Elementary Flux Mode, but there are Elementary Flux
Modes that are not extremal pathways. These appear if there is some reversible
reaction that has a positive entry in one extremal pathway and a negative entry
in another. The specific convex combination of those extremal pathways, where
the reversible reaction has a zero entry, yields an Elementary Flux Mode, because
it has an extra zero, but it is not an extremal pathway, because it is a convex
combination of two extremal pathways.

When considering equation (2.5) as a problem for v, the positivity constraints
of irreversible reactions have to be imposed, yielding the inequalities that put
EFM theory beyond linear algebra, into linear programming. However, if x is a
vector of admissible concentrations, these constraints follow naturally, because
the functions in v(x) will satisfy them by definition (2.2). Therefore EFM theory
is not necessarily the primary tool when the dynamics of x are considered, but
it still leads to insight: if x is a steady state, v(x) will be in the steady state
flux distribution cone as a positive combination of the EFMs.

Besides this insight, the EFMs can be useful for the linear problem: the linear
space that is spanned by the EFMs is exactly NulN , so the space perpendicular
to all EFMs is RowN . Every EFM has the property that the number of zero
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entries is maximised. This yields a constructive way of finding representative
equations that define the steady state in which fluxes appear most sparsely. It
uses a simple proposition from linear algebra.

Proposition 9. If N is an n×m stoichiometric matrix and m1, . . . ,mk are
the Elementary Flux Modes, then for a w ∈ Rm,

∀i = 1, . . . , k : w ·mi = 0⇔ w ∈ RowN

Proof. m1, . . . ,mk are such that they span the null space of N , therefore

∀i = 1, . . . , k : w ·mi = 0⇔ w ∈ (NulN)⊥

⇔ w ∈ RowN.

We apply this proposition to our model. Calculation of EFMs for particular
pathways may be done using algorithms such as for instance efmtool [28] for
MATLAB.

Corollary 10. Let N be given by (2.1). Then RowN is the space perpendicular
to the EFMs of our model, given by

EFM1 =



1
1
0
2
0
2
0


, EFM2 =



14
9
5
14
2
0
0


. (2.25)

As noted in the Introduction, the equations are most easily solved if some
reactions only appear in a single equation. We will construct a matrix which
has the same row space as N using Corollary 10.

We start by finding a diagonal submatrix in the matrix (EFM1, EFM2),
e.g. finding those fluxes that are only represented in one EFM and have a zero
entry in the other EFM. The only nonzero entry of EFM1 that has a zero entry
in EFM2 is v6, while EFM2 has both v3 and v5 nonzero, but they are zero in
EFM1. Thus there are two choices, v3 and v6, or v5 and v6.

Starting with a 5× 5 identity matrix and inserting two columns in-between,
such that they become the columns at the fluxes we have chosen, we construct a
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5×7 matrix. The inserted columns are chosen such that every row is perpendicular
to both EFMs in (2.25):



v3 v6

1 0 − 14
5 0 0 − 1

2 0
0 1 − 9

5 0 0 − 1
2 0

0 0 − 14
5 1 0 −1 0

0 0 − 2
5 0 1 0 0

0 0 0 0 0 0 1

 and



v5 v6

1 0 0 0 −7 − 1
2 0

0 1 0 0 − 9
2 − 1

2 0
0 0 1 0 − 5

2 0 0
0 0 0 1 −7 −1 0
0 0 0 0 0 0 1

.
We are able to compute each entry in those two special columns individually
because of the special choice of v3 and v6 (or v5 and v6). By multiplying the
rows of the above matrices with the denominators of their entries, we get the
following integer matrices,

Ñ36 :=


10 0 −28 0 0 −5 0
0 10 −18 0 0 −5 0
0 0 −14 5 0 −5 0
0 0 −2 0 5 0 0
0 0 0 0 0 0 1

 , (2.26)

Ñ56 :=


2 0 0 0 −14 −1 0
0 2 0 0 −9 −1 0
0 0 2 0 −5 0 0
0 0 0 1 −7 −1 0
0 0 0 0 0 0 1

 . (2.27)

We may also also pick and choose rows from both these matrices, in such a way
that the resulting new matrix still has rank 5. So for example, we could use
Ñ36 to choose equations for v2 and v4 (and v3 and v6), but Ñ56 to complete the
system with equations for v1 and v3 (and v5 and v6):

Ñ356 :=



v1 v2 v3 v4 v5 v6 v7

2 0 0 0 −14 −1 0
0 10 −18 0 0 −5 0
0 0 2 0 −5 0 0
0 0 −14 5 0 −5 0
0 0 0 0 0 0 1

. (2.28)

The difference is in the distribution of the reaction rates across these five equations.
In Ñ36 and Ñ56, one reaction rate appears in four out of five equations, and four
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reaction rates only once. In Ñ356 reaction rates appear maximally three times,
but only three reactions appear once.

The matrices N , Ñ36, Ñ56 and Ñ356 all have the same row space. Thus the
following problems are equivalent for v(x),

Nv(x) = 0⇔ Ñ36v(x) = 0⇔ Ñ56v(x) = 0⇔ Ñ356v(x) = 0.

In the paper we use all three new matrices, making use of their individual
properties to answer specific questions.

2.5.1 The equilibrium states
Below, the proof of Lemma 2 is given.

Proof. The reaction functions (2.2) have a product structure where many factors
cannot be zero, including all denominators and parameters. Division by these
nonzero factors yields

v(x) = 0⇔



a
fp(aT − a)(nT − n)

fn
yn

ya(nT − n)
a

(Π− p)


= 0.

This is equivalent to

a = 0, p = Π, and

f(nT − n)
fn
yn

 = 0.

It follows that fn = 0 = f(nT − n), therefore f = 0.
We conclude that

v(x) = 0⇔


f
p
a
yn

 =


0
Π
0
0

 .
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We now derive the bifurcation around x0 show that all regular steady states
near the equilibria are confined to one curve emerging from the trivial equilibrium
x0.

Note that all equilibrium states have a = 0; reactions v5 and v6 have a factor
a in their definitions (2.2). A natural choice for the steady state equations is
then

Ñ56v(x) = 0,

where Ñ56 is defined in (2.27), because it has the concentration a as a common
factor in the negative parts of the equations.

We are interested in finding a transcritical bifurcation of the equilibrium state
x0 and proving that no other steady states exist close to the equilibrium states.
Assume therefore that x is in a suitable neighbourhood around the equilibrium
states, such that aT − a > 0 and all denominators in the definition of v(x) (2.2)
are positive. Then we can introduce some simplifying notation. The steady state
equations are

2λh(a)− (14c5yd+ V6)a = 0, (2.29)
2c2fd− (9c5yd+ V6)a = 0, (2.30)

2c3fn− 5c5yda = 0, (2.31)
c4yn− (7c5yd+ V6)a = 0, (2.32)

V7(p−Π) = 0, (2.33)

where d = nT − n and

c2(x) = V2
1

k2,f + f

p

k2,p + p

aT − a
k2,a + aT − a

1

k2,n + nT − n
,

c3(x) = V3
1

k3,f + f

1

k3,n + n
,

c4(x) = V4
1

k4,y + y

1

k4,n + n
,

c5(x) = V5
1

k5,y + y

a

k5,a + a

1

k5,n + nT − n
.

In other words, function ci(x) > 0 denotes all terms of reaction vi that are
nonzero in this neighbourhood. In this way, we can see more clearly the terms
that yield equilibrium states and dividing out those terms, we find the equation
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for the non-equilibrium steady state curve. To keep the expressions transparent,
we often drop the dependence of ci on x. Moreover, any steady state will have
p = Π, so we assume this for the rest of this section.

Equations (2.32) and (2.30) can be rewritten as

a =
c4

7c5yd+ V6
yn, (2.34)

fd =
9c5yd+ V6

2c2
a

=
9c5yd+ V6

2c2

c4
7c5yd+ V6

yn. (2.35)

We multiply equation (2.31) with d, such that we can insert the solutions (2.34)
and (2.35) for a and fd respectively,

2c3
9c5yd+ V6

2c2

c4
7c5yd+ V6

yn2 − 5c5
c4

7c5 + V6
y2nd2 = 0,

which simplifies to
c3(9c5yd+ V6)

c2
yn2 = 5c5y

2nd2. (2.36)

So it follows that y = 0, n = 0 or

c3(9c5yd+ V6)

c2
n = 5c5yd

2. (2.37)

Together with equations (2.34) and (2.35), having y = 0 or n = 0 means that we
have an equilibrium state as f = a = yn = 0.

The term d = nT − n was not included as a factor in c2 or c5, since the
equilibrium state

xnT
:=


0
Π
0
0
nT


was still part of our neighbourhood of equilibria. In other words, d = 0 is still a
possibility, but the analysis requires strict positivity of c2 and c5. Now we will
show that around this specific equilibrium state xnT

, there are no other steady
states than equilibrium states. In fact, we show that if (2.36) holds, then (2.37)
cannot hold sufficiently close to xnT

and that we can only have y = 0.
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The equilibrium state xnT
has y = 0 and d = nT −nT = 0. If we now restrict

to an even smaller neighbourhood, namely a ball around this equilibrium state,
we see that both y and d have absolute values smaller than the radius of the ball.
The concentration n however is close to nT , so the left hand side of equation
(2.37) is nonzero and does not get smaller as we decrease the size of the ball,
while the right hand side decreases with the third power of the radius of the
ball. Hence if we take a small enough ball, equation (2.37) cannot hold and we
conclude that around xnT

, if the steady state equation (2.36) holds, it yields
y = 0. So the only steady states in this ball are equilibrium states.

For equation (2.37) to hold, n and y must be of the same magnitude, so let
us assume for the rest of this argument that we are in a suitable neighbourhood
of x0, where y and n are small.

The term h(a) has concentration a as a factor, so we can write it as h(a) =
ah̃(a), where h̃(a) > 0 can be inferred from the definition of v1 (2.4). Moreover,
h(a) was defined such that h′(0) = 1, and since h′(a) = h̃(a) + ah̃′(a),

1 = h′(0) = h̃(0) + 0h̃′(0) = h̃(0).

Equation (2.29) can be rewritten as

a(2λh̃(a)− 14c5y − V6) = 0,

which gives us a = 0 or

2λh̃(a)− 14c5y − V6 = 0. (2.38)

So there are two possibilities, either yn = a = f = 0, which means we have an
equilibrium state and λ can have any value, or the equations (2.34), (2.35), (2.37)
and (2.38) hold. The equations (2.34), (2.35), (2.37) and (2.38) are the (non-
trivial) steady state equations. Equations (2.34), (2.35) are directly equivalent
to the original steady state equations (2.30) and (2.32), but in (2.37) and (2.38)
the degenerate equilibria y = n = 0 in (2.29) and (2.31) have been divided out.
These four equations (2.34), (2.35), (2.37) and (2.38) can be rewritten as

K̂(x) :=


c4yn −(7c5yd+ V6)a

2c2fd −(9c5yd+ V6)a
5c2c5yd

2 −c3(9c5yd+ V6)n

2λh̃(a) −(14c5yd+ V6)

 = 0. (2.39)

The equilibrium state x0 is a solution for equation (2.39). Using h̃(0) = 1, we
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have

K̂(x0) =


0
0
0

2λ− V6

 .

Hence x0 is a steady state if we specify

λ =
V6

2
.

We introduce the Jacobian matrix of K̂, evaluated at x = x0,

(
∂K̂

∂(f, y, a, n)

)∣∣∣∣∣
x=x0

=


0 0 −V6 0

2k2nT 0 −V6 0
0 5k2k5 0 −k3V6

0 −14k5 2λ 0

 ,

where

k2 = c2(x0)nT , k3 = c3(x0), k4 = c4(x0), k5 = c5(x0)nT .

We can easily see that it is invertible. Therefore, by the Implicit Function
Theorem, the solution to K̂ = 0 can be locally described as a function of λ
around (x, λ) = (x0,

V6

2 ).

The curve can be made explicit as a power series expansion in t = λ− V6

2 ,
approximating f , y, a and n around (x0,

V6

2 ). Based on the orders of magnitude
in K̂ in (2.39), we expand the variables as

f = f2t
2 +f3t

3 +O(t4),
y = y1t +y2t

2 +O(t3),
a = a2t

2 +a3t
3 +O(t4),

n = n1t +n2t
2 +O(t3).

(2.40)

Working out the details (see the supplementary Mathematica file) leads us to
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see the following lowest order coefficients,

f2 =
5k4

98k3k5V6
,

y1 =
1

7k5
,

a2 =
5k2k4

49k3k5V 2
6

,

n1 =
5k2

7k3V6
.

Therefore the curve enters the domain of biologically relevant (x, λ)-space at
V6/2, for increasing λ, because the lowest order terms of the variables are all
positive.

In the supplementary Mathematica file we show that this emergent steady
state is locally stable, by checking directly the Routh-Hurwith conditions on the
characteristic polynomial for this steady state.

2.5.2 Parametrising steady states by flux values

In Section 2.3.3 we concluded that f parameterises all steady state solutions
under a mild parameter condition. In this section, we will extend upon this notion
of f as a flux sensor, by asking whether the steady states can be parameterised by
a flux, for instance one of the fluxes that consume f . Eventually in Theorem 7, we
show that flux variable v3 (the reaction in which FBP is converted into glycerol)
can fulfill this role. To obtain this result, we need to solve most equations
explicitly. This reduces the five steady state equations to one equations in two
flux variables. The Implicit Function Theorem is then applied on this remaining
equation to complete the result. We thus first have to eliminate the remaining
flux variables, which we manage by setting up a coordinate transform between
those other flux variables and the metabolite concentrations.

The hard part is to set up a coordinate transform between three metabolites,
f , n and y, and three reactions, v2, v3 and v4. Matrix Ñ36 allows us to construct
the steady state equations (2.8) such that this transformation will reduce the
remaining steady state equations K = 0 (2.10) with linear solutions, as v3 is
now a variable of the system and reaction v6 = V6a is a linear transformation of
a variable. Then all that remains to be solved is one equation in two unknowns.
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Consider the function,

F : R2
>0 × (0, nT ) → R3

>0

(f, y, n) 7→ (v2, v3, v4).
(2.41)

The function F is directly based on the reaction rate functions (2.2); recall their
definitions:

v2 = V2
f

k2,f + f

p

k2,p + p

aT − a
k2,a + aT − a

nT − n
k2,n + nT − n

, (2.42)

v3 = V3
f

k3,f + f

n

k3,n + n
, (2.43)

v4 = V4
y

k4,y + y

n

k4,n + n
. (2.44)

In this section, the variables a ∈ (0, aT ) and p > 0 are considered to be parameters
of F . The variables of F model concentrations which, in a living cell, are positive.
Therefore, to find steady states in the model that represent a functioning cell at
a non-trivial steady state, the domain of F is restricted to R2

>0 × (0, nT ).

Lemma 11. F is smoothly invertible.

Proof. This lemma follows from the Inverse Function Theorem if the determinant
of the Jacobian is nonzero for all (f, y, n) ∈ R2

>0 × (0, nT ).
For any (f, y, n) ∈ R2

>0 × (0, nT ), each entry of the Jacobian has a fixed sign.
This follows from the monotonicity properties of v2, v3, and v4. The Jacobian

∂v2
∂f

∂v2
∂y

∂v2
∂n

∂v3
∂f

∂v3
∂y

∂v3
∂n

∂v4
∂f

∂v4
∂y

∂v4
∂n


has sign structure + 0 −

+ 0 +
0 + +


which has strictly negative determinant.

The function F is invertible, so it can be used as a coordinate transform.
Furthermore we extend F with the rescaling v6 = V6a and the identity on p and
λ, to get a coordinate transform C for our phase space by defining

C(f, p, y, a, n, λ) = (F (f, y, n), V6a, p, λ). (2.45)
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The steady state equations (2.8) in the new variables are
10λh

(
v6
V6

)
− 28v3 −5v6

10v2 − 18v3 −5v6

5v4 − 14v3 −5v6

5v5

(
ŷ, v6V6

, n̂
)
− 2v3

V7(Π− p)

 = 0,

where the inverse coordinate transform F−1 defines ŷ and n̂ as functions of v2,
v3 and v4. Then it can be easily seen that four out of five equations can be
explicitly solved,

λ =
28v3 + 5v6

10h
(
v6
V6

) , (2.46)

v2 =
18v3 + 5v6

10
, (2.47)

v4 =
14v3 + 5v6

5
, (2.48)

p = Π. (2.49)

Hence the only steady state equation that is left to solve is

5v5

(
ŷ,
v6

V6
, n̂

)
− 2v3 = 0.

Using the definition of reaction rate v5 in (2.2) this reads

G(v3, v6) := 5V5
ŷ

k5,y + ŷ

a

k5,a + a

nT − n̂
k5,n + nT − n̂

− 2v3 = 0, (2.50)

and becomes a nonlinear function of v3 and v6 only. To explicitly formulate
G(v3, v6), we need the explicit inverse of F , which we will derive below. The
exact formulas are found in (2.58).

Recall the definitions of the rates v2, v3 and v4,

v2 = V2
f

k2,f + f

p

k2,p + p

aT − a
k2,a + aT − a

nT − n
k2,n + nT − n

,

v3 = V3
f

k3,f + f

n

k3,n + n
,

v4 = V4
y

k4,y + y

n

k4,n + n
.
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The objective is to define f , y and n as functions of v2, v3 and v4, for fixed
values of p and a. These functions will be called f̂ , ŷ and n̂. In fact, we will
write n̂ as a function of v2 and v3, and then express f̂ and ŷ in v3, v4 and n̂. Let
us focus first on this last step, assuming we have computed n̂ from v2 and v3.

The f - and y-factors in v3 and v4 respectively, may be inverted. Set

φ =
f̂

k3,f + f̂
, ρ =

ŷ

k4,y + ŷ
,

and invert
f̂ =

k3,fφ

1− φ
, ŷ =

k4,yρ

1− ρ
.

The expressions for v3 and v4 are in this notation given by

v3 = V3φ
n̂

k3,n + n̂
, v4 = V4ρ

n̂

k4,n + n̂
,

so that

f̂ =
k3,fφ

1− φ
=

k3,fv3(k3,n + n̂)

V3n̂− v3(k3,n + n̂)
, (2.51)

ŷ =
k4,yρ

1− ρ
=

k4,yv4(k4,n + n̂)

V4n̂− v4(k4,n + n̂)
. (2.52)

The computation of n̂ from v2 and v3 now follows by considering the definition
of v2. To keep the notation transparent, we introduce

κf =
k3,f

k2,f
, p̃ =

p

k2,p + p
,

ã =
aT − a

k2,a + aT − a
, ṽi =

vi
Vi
,

and set

ψ =
f̂

k2,f + f̂

=
κfφ

1 + φ(κf − 1)

=
κf ṽ3(k3,n + n)

n+ ṽ3(k3,n + n)(κf − 1)
.
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using (2.51), but with n undetermined. Reaction rate v2 may now be written as

v2 = V2ψp̃ã
nT − n

k2,n + nT − n

= V2
κf ṽ3(k3,n + n)

n+ ṽ3(k3,n + n)(κf − 1)
p̃ã

nT − n
k2,n + nT − n

.

This is a quadratic equation in n, written for future reference as

an2 + bn+ c = 0, (2.53)

where

a = ṽ2(1 + ṽ3(κf − 1))− ṽ3κf p̃ã, (2.54)
b = ṽ2ṽ3k3,n(κf − 1) + ṽ3κf p̃ã(nT − k3,n),

− (ṽ2 + ṽ2ṽ3(κf − 1))(nT + k2,n) (2.55)
c = ṽ3κf p̃ãk3,nnT − ṽ2ṽ3k3,n(κf − 1)(nT + k2,n). (2.56)

We will show that this equation admits a unique solution n̂ for given values v2

and v3 in the range of F , namely

n̂ =
−b−

√
b2 − 4ac

2a
. (2.57)

To conclude, the inverse of F is explicitly given by

F−1

v2

v3

v4

 =


k3,fv3(k3,n+n̂)
V3n̂−v3(k3,n+n̂)
k4,yv4(k4,n+n̂)
V4n̂−v4(k4,n+n̂)

n̂

 . (2.58)

We now use this explicit coordinate transform F−1 to write the remaining
steady state equation G(v3, v6) = 0. First we define a function α of ρ and hence
of ŷ in a similar way as we defined ψ as a function of φ and hence of f̂ :

α =
ŷ

k5,y + ŷ

=
κyρ

1 + κy(ρ− 1)
,
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which, using F−1, becomes

α =
κy ṽ4(k4,n + n̂)

n̂+ ṽ4(k4,n + n̂)(κy − 1)
,

where κy =
k4,y
k5,y

. G still depends on v4 (in α) and on v2 (in n̂(v2, v3)), but using

v2 =
18v3 + 5v6

10
, and v4 =

14v3 + 5v6

5
,

we can now finally write G as one function of v3 and v6 only,

G(v3, v6) = 5V5αβγ − 2v3, (2.59)

where

α =
κy(14v3 + 5v6)(k4,n + n̂)

5V4n̂+ (14v3 + 5v6)(k4,n + n̂)(κy − 1)
, (2.60)

β =
ṽ6

k5,a + ṽ6
, (2.61)

γ =
nT − n̂

k5,n + nT − n̂
and (2.62)

n̂ = n̂

(
18v3 + 5v6

10
, v3

)
defined in (2.57), (2.63)

a = ṽ6, and p̃ =
Π

k2,p + Π
. (2.64)

We are now in a position to study G(v3, v6) = 0, equation (2.59). With
implicit differentiation, we will show that the partial derivative ∂G

∂v6
is positive.

This result is valid for a broad subset of parameters. Therefore the IFT yields
that the solutions to (2.59) may be expressed as a function v6 = H(v3). Similar
to Theorem 4 we conclude that all steady states are on one curve originating
at x0 for v3 = 0 and can be followed until they connect with the boundary of
the domain of F−1. At that point we could follow the imbalanced states. (Note
that at the boundary of this domain, v3 is still finite, so the imbalanced states
have also become more accessible.)

Lemma 12. If ∂n̂
∂v6
≤ 0 with n̂ from (2.63), then there exists a function v6 =

H(v3), describing all solutions (v3, H(v3)) to (2.59).
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Proof. The proof uses implicit differentiation. The Implicit Function Theorem
yields that if ∂G

∂v6
6= 0 for any (v3, v6) in the domain of G, then there exists such

a function H(v3). Note that

∂G

∂v6
= 5V5

(
∂α

∂v6
βγ + α

∂β

∂v6
γ + αβ

∂γ

∂v6

)
.

We will show that each of the terms is positive in order to prove ∂G
∂v6
6= 0. The

inequalities α > 0, β > 0, γ > 0 follow by definitions (2.60)–(2.62), so
∂α

∂v6
≥ 0,

∂β

∂v6
> 0,

∂γ

∂v6
≥ 0 implies

∂G

∂v6
> 0. (2.65)

Let

A(v3, v6) = (14v3 + 5v6)(k4,n + n̂),

so that

A′ :=
∂A

∂v6
= 5(k4,n + n̂) + (14v3 + 5v6)

∂n̂

∂v6
.

The term α as defined in (2.60) can be rewritten: α =
κyA

5V4n̂+Aκy−A .
The first term in (2.65) is shown below.

∂α

∂v6
=

(5V4n̂+Aκy −A)κyA
′ − κyA

(
5V4

∂n̂
∂v6

+A′κy −A′
)

(5V4n̂+Aκy −A)2

=
5V4n̂κyA

′(v6)− κyA(v6)V4
∂n̂
∂v6

(5V4n̂+Aκy −A)2
.

The denominator is positive and we can divide by 5V4κy(k4,n + n̂) > 0, so the
sign of ∂α

∂v6
is equal to the sign of

n̂A′(v6)

k4,n + n̂
− A(v6)

5(k4,n + n̂)

∂n̂

∂v6
= 5n̂+ (14v3 + 5v6)

∂n̂

∂v6

(
n̂

k4,n + n̂
− 1

)
≥ 0,

because we have n̂
k4,n+n̂ < 1 and by assumption ∂n̂

∂v6
≤ 0.

The second term of (2.65) is a MM-type function in v6, so it is monotone
increasing.

∂β

∂v6
=

1
V6

(k5,a + ṽ6)− 1
V6
ṽ6

(k5,a + ṽ6)2

=
k5,a

V6(k5,a + ṽ6)2
> 0.
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The third inequality follows easily, again under the assumption ∂n̂
∂v6
≤ 0,

∂γ

∂v6
= − k5,n

(k5,n + nT − n̂)2

∂n̂

∂v6

≥ 0.

We have now checked all inequalities in (2.65), which concludes the proof.

Here we begin the actual proof of Theorem 7

Proof. As discussed before, all steady state equations are solved, except (2.59).
Lemma 12 shows that it is sufficient to prove ∂n̂

∂v6
≤ 0 from (2.63).

For all (v3, v6) such that (v2, v3, v4) ∈ D(F−1), the defining equation for n̂
from F−1 yields an̂2 + bn̂+ c = 0. As the left hand side is a function of v3 and
v6, we know the partial derivative to v6 is also 0. Hence

∂a
∂v6

n̂2 +
∂b
∂v6

n̂+
∂c
∂v6

+ (2an̂+ b)
∂n̂

∂v6
= 0.

We substitute the solution for n̂ (2.57) in 2an̂+ b:

∂a
∂v6

n̂2 +
∂b
∂v6

n̂+
∂c
∂v6

+
(
−b−

√
b2 − 4ac + b

) ∂n̂

∂v6
= 0,

so that
∂a
∂v6

n̂2 +
∂b
∂v6

n̂+
∂c
∂v6

=
√
b2 − 4ac

∂n̂

∂v6
.

Lemma 11 implies
√
b2 − 4ac > 0, hence the sign of ∂n̂

∂v6
is the same as the sign

of
∂a
∂v6

n̂2 +
∂b
∂v6

n̂+
∂c
∂v6

. (2.66)

The equations for a, b and c, (2.54), (2.55) and (2.56), written in v3 and v6

(and recalling that ṽi = vi/Vi), are

a =
18v3 + 5v6

10V2
(1 + ṽ3(κf − 1))− ṽ3κf p̃ã(ṽ6),

b =
18v3 + 5v6

10V2
ṽ3k3,n(κf − 1) + ṽ3κf p̃ã(ṽ6)nT ,

− 18v3 + 5v6

10V2
(1 + ṽ3(κf − 1))(nT + k2,n)− ṽ3κf p̃ã(ṽ6)k3,n,

c = ṽ3κf p̃ã(ṽ6)k3,nnT −
18v3 + 5v6

10V2
ṽ3k3,n(κf − 1)(nT + k2,n).
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We will show that ∂a
∂v6

n̂2 + ∂b
∂v6

n̂+ ∂c
∂v6

< 0. It is sufficient to show it holds for
all n̂(v3, v6) ∈ (0, nT ). It is first shown that ∂a

∂v6
> 0 unconditionally. Then

as a quadratic function of n̂, (2.66) is negative for all n̂ if it is negative at the
endpoints, 0 and nT . This restriction at n̂ = nT follows unconditionally and the
restriction at n̂ = 0, i.e. ∂c

∂v6
< 0, follows precisely from (2.14), which is why that

is a prequisite for this theorem.
The function ã(ṽ6) := aT−ṽ6

k2,a+aT−ṽ6 satisfies

∂ã

∂v6
=
− 1
V6

(k2,a + aT − ṽ6)− 1
V6

(aT − ṽ6)

(k2,a + aT − ṽ6)2

= − k2,a

V6

(
k2,a + aT − v6

V6

)2 =: D(v6).

Therefore,

D(v6) > D(0) =
k2,a

V6(k2,a + aT )2
. (2.67)

In this notation,

∂a
∂v6

=
1

2V2
(1 + ṽ3(κf − 1)) + ṽ3κf p̃D

=
1

2V2
(1− ṽ3) + κf ṽ3

(
1

2V2
+ p̃D

)
.

As ṽ3 < 1 in the domain of F−1, it follows that ∂a
∂v6

> 0.
At n̂ = 0, (2.66) becomes

∂c
∂v6

= −ṽ3κf p̃D(v6)k3,nnT −
1

2V2
ṽ3k3,n(κf − 1)(nT + k2,n)

=
ṽ3k3,n(k2,n + nT )

2V2

(
1− κf

(
2V2p̃D(v6)

nT
k2,n + nT

+ 1

))
<
ṽ3k3,n(k2,n + nT )

2V2

(
1− κf

(
2V2p̃D(0)

nT
k2,n + nT

+ 1

))
.

The last inequality follows from the estimate (2.67) on D(v6). Recall that
κf =

k3,f
k2,f

, so the sign of ∂c
∂v6

is equal to the sign of

k2,f − k3,f − 2V2k3,f p̃
nT

k2,n + nT
D(0).
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The prequisite for this theorem is (2.14), which is exactly the above inequality,
so it holds that

∂c
∂v6

< 0.

At n̂ = nT , the formula (2.66) becomes

∂a
∂v6

nT
2 +

∂b
∂v6

nT +
∂c
∂v6

=
k2,nV6(nT + k3,n)

2V2

(
ṽ3 −

nT
nT + k3,n

− ṽ3κf

)
=
k2,nV6(nT + k3,n)

2V2V3

(
v3 − V3

nT
nT + k3,n

− κfv3

)
< 0,

because from (2.72), v3 < v̄3 = V3
nT

nT +k3,n
.

2.5.3 The equation for the steady state NADH concentra-
tion has a unique solution

Recall the quadratic equation n∗ needs to solve,

v2 = V2
κf ṽ3(k3,n + n)

n+ ṽ3(k3,n + n)(κf − 1)
p̃ã

nT − n
k2,n + nT − n

.

We need to show that the solution, n∗, is uniquely determined by v2 and v3 in
the image of F . A quadratic equation can have zero, one or two solutions, but
since F is smoothly invertible on its domain (Lemma 11) we know that there
has to be exactly one on the restricted domain of F .

We recall the short version, labelled (2.53),

an2 + bn+ c = 0, (2.68)

where

a = ṽ2(1 + ṽ3(κf − 1))− ṽ3κf p̃ã, (2.69)
b = ṽ2ṽ3k3,n(κf − 1) + ṽ3κf p̃ã(nT − k3,n),

− (ṽ2 + ṽ2ṽ3(κf − 1))(nT + k2,n) (2.70)
c = ṽ3κf p̃ãk3,nnT − ṽ2ṽ3k3,n(κf − 1)(nT + k2,n). (2.71)

The transformation F is bounded. The borders of the image in (v2, v3, v4)-space
are complicated curves, but each reaction has a clear global upper bound and 0
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as a lower bound: the typical Michaelis Menten fraction z
k+z approaches 1 for

z →∞. Furthermore n ∈ (0, nT ), so we have the following bounds for F ,

v2 < V2p̃ã
nT

k2,n + nT
, v3 < V3

nT
k3,n + nT

, v4 < V4
nT

k4,n + nT
. (2.72)

Denote these upper bounds for vi as v̄i.
The transformation F has this bounded image, which yields a bounded

domain for F−1.

R(F ) = D(F−1) ⊂ [0, v̄2]× [0, v̄3]× [0, v̄4].

This will be a tool to prove which of the two roots of the quadratic equation for
n is the right one.

Lemma 13. For all v2 and v3, c from (2.71) is positive.

Proof. From (2.72), we have v2 < v̄2 = V2p̃ã
nT

k2,n+nT
. Now (2.71) can be

rewritten to a form that is positive:

c = ṽ3κf p̃ãk3,nnT − ṽ2ṽ3k3,nκf (k2,n + nT ) + ṽ2ṽ3k3,n(k2,n + nT )

= ṽ3κfk3,n
k2,n + nT

V2

(
V2p̃ã

nT
k2,n + nT

− v2

)
+ ṽ2ṽ3k3,n(k2,n + nT ) > 0

Lemma 14. If a from (2.69) is positive, then b < −
√

b2 − 4ac.

Proof. This implication follows from a sign argument. The term c is positive by
Lemma 13 and a > 0 is assumed. Therefore b2−4ac < b2. Note F is one-to-one,
implicitly shown in Lemma 11, so there is a single solution to (2.68) that is in
the interval (0, nT ). It follows that the discriminant b2−4ac is positive, because
its square root has to be real. Now

√
b2 − 4ac <

√
b2 = |b|. A positive b is

excluded as both roots of (2.68) are then negative, hence b < −
√
b2 − 4ac.

Lemma 15. The relevant solution to (2.68) is

n =
−b−

√
b2 − 4ac

2a
, (2.73)

with continuous extention n = −c
b for a = 0.
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Proof. There are three cases.

a > 0. By Lemma 14, b < −
√
b2 − 4ac. So both solutions are positive,

n± =
−b±

√
b2 − 4ac

2a
> 0.

By Lemma 11 there is only one solution in (0, nT ), so nT must separate

the two solutions. Of these, n− is closer to 0 as
√

b2−4ac
2a > 0.

a < 0. In this case, we have n+ < 0. From Lemma 13, c > 0, so
√
b2 − 4ac >√

b2 = |b|, therefore

−b +
√
b2 − 4ac > 0, i.e.

n+ =
−b +

√
b2 − 4ac

2a
< 0. (a < 0)

a = 0. Now (2.68) becomes bn + c = 0 ⇔ n = − c
b . This is a continuous

extention of n−:
c > 0 by Lemma 13 . If a is near 0, then (2.68) is close to bn+ c = 0, so
b ≥ 0 would imply that n > 0 can only be a solution to (2.68) if a < 0
and n is large, then as a approaches zero, this value would have to pass
nT making all solutions irrelevant. Hence we have b < 0.

From this it follows that −b = |b| =
√
b

2
. Now we can show that indeed

n− may be continuously extended:

lim
a→0

n− = lim
a→0

−b−
√
b2 − 4ac −b√

b2

2a

= −b lim
a→0

1−
√

b2−4ac
b2

2a

= −b lim
a→0

(
1−

√
1− 4ac

b2

)(
1 +

√
1− 4ac

b2

)
2a
(

1 +
√

1− 4ac
b2

)
= −b lim

a→0

1− 1 + 4ac
b2

2a
(

1 +
√

1− 4ac
b2

)
= − 4bc

2b2(1 +
√

1)
= − c

b
.
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So n− is the relevant solution.

2.5.4 Numerical simulations
The parameters in the simulations were mostly chosen arbitrarily as an illus-
tration. The k parameters were all chosen near 1, the initial conditions and
aT ,, nT and Π approximately from literature [30] the Vmax values were tuned to
present a clear picture. Parameter V7 was set very low to show the bistability
and V4 was set rather high to exclude pyruvate accumulation. The parameter
values have a weak connection to actual biology, but the manipulations of V4 and
V7 were based on parameter-free analysis, and will consistently show the same
results. In the numerical simulations of van Heerden et al. [33] the imbalanced
state was studied for a wide range of parameter choices, showing the robustness
to parameter choice of the rescue mechanisms.

We use a custom extension of MATLAB, called MatCont [5] that allows us
to continue steady states in a bifurcation parameter. We simulate our original
model (as described in Section 2.2), but with the rescaling from f to φ (2.15).
Parameter values and initial conditions are given in Table S2.1.
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parameter value
aT 4
nT 1
Π 10
V2 0.5
V3 0.4
V4 8
V5 0.6
V6 1.28
V7 0.01
d1 1
d2 20
d3 100
d4 1
d5 1
k2,f 1.01
k2,p 0.99
k2,a 1.02
k2,n 0.98
k3,f 1.1
k3,n 0.97
k4,y 1.04
k4,n 1.05
k5,y 0.96
k5,a 0.95
k5,n 0.94

variable initial condition
f 0.4
p 10
y 0.81
a 0.80
n 0.83
V1 40

Table 2.1: Parameter values and initial conditions used in MatCont
simulations.



3
Stability of Specific Flux Optimal Robust

Adaptive Control in the Linear Chain

3.1 Introduction

Microbes have ever changing environments to which they need to adapt. Success-
ful adaptation to heat-stress or osmotic stress for example brings competitive
advantage and therefore evolution yields individual cells that are capable of
rapid, optimal and robust adaptation.

One aspect of the environment is the availability of various nutrients and
the cell has to select which enzymes of the metabolic network it has to activate
and in what measure in order to optimally adapt to the current availability of
nutrients.

There are two parts to this optimal robust adaptive control: to sense the
current composition of the environment and, given this information, to specify
what is the optimal investment of enzyme production capacity.

A direct way to sense these nutrients is to have specific receptors on the
exterior of the cell. Some bacteria are specialised in growing on some specific
substrate and sense this nutrient with an external receptor, but many microbes
can use a variety of external metabolic sources and they have no nutrient-specific
receptors. These cells still show optimal robust adaptive control, so the question
is, how can the cell react to an unknown external variable.

A likely hypothesis [20] is that variations in the internal metabolite concen-

71
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trations serve to sense the variations in external concentrations and the genome
reacts to these internal concentrations in order to control its enzyme distribution.
This concept of a flux sensor has been postulated before and there is experimental
evidence of its existence [13].

The other aspect of optimal robust adaptive control is to determine the
optimal strategy based on this sensory information. The evolutionary goal of the
cell is to survive and procreate, ideally as rapidly as possible. We are concerned
with growth-permissable conditions, so survival should be possible and thus
the optimal fitness pertains to maximising growth rate. Growth rate can be
quantified in the metabolic network as the output of a target flux.

It has recently been shown [35, 15] that maximal specific flux is attained in
an Elementary Flux Mode (EFM). An EFM is a pathway that has a minimal
number of enzymes involved, in the sense that it allows for a balanced flow of
metabolism, but this possibility is void if any one of its enzymes is removed from
the pathway. This means there is only one degree of freedom, i.e. if the pathway
is balanced and one flux is known, then all fluxes are given. A more in-depth
description can be found in [23, 24, 18].

3.1.1 Specific Flux Maximisation
Let N denote the stoichiometric matrix of an EFM. Because the pathway has
only one degree of freedom, that means N has a one-dimensional kernel. Let C
be the vector in this kernel uniquely defined by having 1 at the entry for the
target flux. Now any steady state flux vector v,

N · v = 0,

has the property that it is a multiple of C,

v = cC, (3.1)

which specifies the maximisation problem to determining how to maximise c.
The enzyme levels and metabolic dynamics determine the eventual steady

state target flux c.
The flux of an enzymatic reaction vi is determined by the concentration of

its enzyme ei and the enzyme kinetic function fi,

vi = eifi,

where i ∈ N indexes the reaction flux.
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The flux function fi is determined by the concentrations of its substrates and
products which are typically internal metabolites, but some enzymes (e.g. trans-
porters) work across the cell membrane and interact with external metabolites.
These kinetic functions can have various shapes, modeling the binding sites
of the enzyme and conversion rates when substrates are bound, depending on
allosteric activation and inhibition and taking into account the saturation degree
for instance. However, for now we do not specify the functions fi.

The dynamical system is then given by

ẋ = N ·

e1f1

...
enfn

 ,

where x is the vector of internal metabolite concentrations, e1, . . . , en the enzyme
concentrations and f1, . . . , fn are kinetic functions of x and xE , the internal
and external metabolite concentrations respectively.

In steady state the equation (3.1) holds, so

ei =
Cic

fi
, (3.2)

where i = 1, . . . , n indexes the n enzymes.
Let eT denote the sum of all total enzyme. It is given by (3.2) as

eT :=

n∑
i=1

ei = c

n∑
i=1

Ci
fi
. (3.3)

So for a fixed eT , the steady state flux c is a function of only the metabolism
concentrations

c =
eT∑n
i=1

Ci

fi

.

Thus finding the maximum c can be reformulated as finding the minimum x,
given the external conditions xE , of the objective function

O(x,xE) =

n∑
i=1

Ci
fi
. (3.4)

This is notably only a problem for the metabolite concentrations, because it
is assumed to be in steady state, the enzyme distribution can be retrieved from
(3.2).
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Remark. Apart from maximisation of a target flux for a restricted eT , the optimal
enzyme production can also be demand driven. Then the cell requires a fixed
metabolic output rate of the target flux c and the optimum is defined as a
minimal total amount of enzyme eT necessary to accommodate this. Demand
driven optimisation assumes that the resulting minimal eT is at least less than
the total enzyme production capacity compared to dilution by growth.

Considering the equation for the total enzyme eT in steady state (3.3), it
is clear that this minimum is exactly found as the minimum of the objective
function (3.4). Therefore any minimum x of the objective function (3.4) is
optimal for both the minimal eT for fixed c problem and the maximal c for fixed
eT problem.

The problem we address in this chapter involves the supply driven optimisa-
tion, where the total amount of enzyme available to the pathway is fixed and
the goal is to maximise the flux through the pathway.

3.1.2 Linear Chain

The analysis of this chapter is confined to the study of the archetypal EFM, the
linear chain of n enzymatic reactions,

e1 e2 e3 en−1 en
x0 
 x1 
 x2 
 . . . 
 xn−1 
 xn,

(3.5)

where external nutrient x0 is converted into the the external waste xn. The
stoichiometric matrix is given by

N =


1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 −1

 ,

which has a one-dimensional kernel spanned by the vector

C =


1
1
...
1

 ,

so any flux can serve as the target flux.
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The flux functions are given by standard Michaelis-Menten kinetics,

fj =
xj−1 − kjxj

ajxj−1 + bjxj + cj
, (3.6)

where for f1 and fn we have x0 = x0 and xn = xn.
For the remainder of this chapter we assume that xn is a fixed parameter

and that the external nutrient concentration x0 needs to be sensed.
The main source of inspiration for this chapter and recent study Planqué et

al. [20] show that the objective function for the linear chain,

O(x, x0, xn) =

n∑
j=1

1

fj
, (3.7)

is strictly convex in logarithms of the internal metabolites. As a consequence,
this proves there is a unique minimum of the objective function for any positively
oriented external conditions x0 and xn. The nutrient concentration x0 and waste
concentration xn are positively oriented if a positive steady state flux through
the linear chain is possible, which follows exactly if

x0 >

(
n∏
i=1

ki

)
xn. (3.8)

Every positively oriented x0 yields a unique minimum x. We denote the set
of all minima for all positively oriented x0 as

Ω =
{

(x0,x) : O(x, x0, xn) is minimal
}
. (3.9)

It was shown by Planqué et al. that Ω can be parametrised by any internal
metabolite for the linear chain:

Lemma 16. If xs is given for some 1 ≤ s ≤ n− 1, then there is a unique

ξ =


ξ0
ξ1
...

ξn−1

 ∈ Ω

such that ξs = xs.

As this is shown in unpublished work, we will provide a short proof here.
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Proof. Let xs >
(∏n

i=s+1 ki
)
xn, to get a positively oriented solution. Then xs

and xn are the positively oriented endpoints of a linear chain with enzymes
es+1, . . . , en, and therefore the function

Õ(ξ) =

n∑
i=s+1

1

fi(ξi−1, ξi)

has a unique minimum for fi > 0. This minimum has ξs = xs and is the unique
solution to

dÕ

dξi
= 0, s+ 1 ≤ i ≤ n− 1,

where fi > 0. For Ω, the defining equations are

dO

dξi
= 0, 1 ≤ i ≤ n− 1,

where fi > 0. The first s functions f1, . . . , fs depend only on x1, . . . , xs, so the
minimum of Õ is the unique solution to the subset of defining equations for Ω,

dO

dξi
=

dÕ

dξi
= 0, s+ 1 ≤ i ≤ n− 1.

Hence, any solution ξ ∈ Ω with ξs = xs has these values for ξs, . . . , ξn−1.
Note that

d

dξs
O(ξ) = 0

is an equation in ξs−1, ξs and ξs+1 only, with ξs and ξs+1 already known. With
the prescribed kinetics (3.6), the resulting equation for ξs−1 is a quadratic
polynomial. It has two solutions, exactly one of which has fs(ξs−1, ξs) > 0.

By determining the subsequent coordinates in sequence, each time taking the
larger of the two solutions of the polynomial we need to solve, we construct a
solution to the equations

dO

dξi
= 0, 1 ≤ i ≤ n− 1,

where fi > 0 ensures that there is always but one choice. Therefore this solution
is unique.
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The ability to parametrise the optimal steady state metabolite concentrations
in Ω is a necessary and sufficient condition to be a flux sensor for the system.
By determining the subsequent coordinates in sequence, each time taking the
larger of the two solutions of the polynomial we need to solve, we construct the
only possible solution

The framework now gives us the ability to define a dynamical system that
takes the sensory information from some internal metabolite concentration xs,
1 ≤ s ≤ n − 1, to determine a corresponding optimal metabolite distribution
ξ ∈ Ω, where ξs = xs. The external nutrient concentration is not known to the
system, but from Ω, the estimate ξ0 follows from this. The estimated optimal
enzyme distribution ε can then be computed from ξ through the steady state
equations of metabolism (3.2). We denote the flux functions as

ϕ =

ϕ1

...
ϕn


if it uses ξ as input. Then

εj = c
1

ϕj
,

where c is such that the total amount of enzyme (3.3) is eT , which for simplicity,
we assume to be eT = 1,

c =
1

n∑
k=1

1
ϕk

.

In conclusion, based on the sensor concentration xs, the estimated optimal
enzyme distribution is

εj =

1
ϕj

n∑
k=1

1
ϕk

.

To model this in the dynamical system, we will assume an enzyme production
that is proportional to the growth rate µ. The growth rate then reduces the
amount of enzymes through dilution at the rate µ as well.
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3.1.3 Mathematical Model
The differential algebraic system of equations that governs this model is given
by:

ẋi = eifi − ei+1fi+1, for i = 1, 2, . . . , n− 1,

ėj = µ(εj − ej) for j = 1, 2, . . . , n,

fj =
xj−1 − kjxj

ajxi−1 + bjxj + cj
for j = 1, 2, . . . , n, x0 = x0 and xn = xn,

εj =

1
ϕj

n∑
k=1

ϕ−1
k

for j = 1, 2, . . . , n, (3.10)

ϕj =
ξj−1 − kjξj

ajξj−1 + bjξj + cj
for j = 1, 2, . . . , n, ξn = xn,

where the xi are internal metabolite concentrations, x0 and xn the constant
external metabolite concentrations, ej are enzyme concentrations and the εj
are the estimated optimal enzyme concentrations based on the sensor xs. The
reversible Michaelis Menten kinetics are denoted by fj as functions of the
metabolite concentrations xj , x0 and xn. Then s ∈ {1, . . . , n − 1} denotes
which internal metabolite is the sensor xs. The sensor concentration defines the
estimated optimal steady state metabolic concentrations ξ as the unique element
ξ ∈ Ω (3.9) that has ξs = xs. Note that this includes the external nutrient x0

that is sensed for, estimated as ξ0. The enzyme distribution ε follows from the
steady state equations (3.10) using ξ as the metabolite concentrations.

We denote some variables in a convenient vector notation:

x =


x1

x2

...
xn−1

 f =


f1

f2

...
fn

 e =


e1

e2

...
en



ξ =


ξ0
ξ1
ξ2
...

ξn−1

 ϕ =


ϕ1

ϕ2

...
ϕn

 ε =


ε1

ε2

...
εn


This mechanism of internal sensor based adaptation is called “specific flux Optimal
Robust Adaptive Control” or qORAC as an abbreviation [20].
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3.1.4 Results

The modeling choices are made to design a dynamical system that optimally
adapts to a nutrient concentration x0 while indirectly sensing it through the
internal metabolite concentration xs. However, this is no guarantee that this
model actually has solutions that always dynamically adapt to the optimum
steady state, i.e. globally stable. Planqué et al. [20] prove uniqueness, but so far
we have not been able to show stability.

In this work we aim to prove stability of the unique steady state for the
archetypal EFM, a linear chain. In the process of this investigation, we provide
a complete quasi steady state framework for this model. We consider how the
metabolic steady state equations provide a smooth bijection between the space
of internal metabolite concentrations in the domain where f > 0 and the enzyme
distributions where e > 0 and

n∑
j=1

ej = 1.

The main result of this chapter is the proof of local stability of the unique steady
state.

Our investigation continues and we find strong evidence that this model is
globally stable (Lemma 24). Finally we consider a toy example of the linear
chain with n = 2 enzymes, where global stability is obvious and discuss the
outlook of proving global stability for the general linear chain through finding a
Lyapunov functional.

3.2 Analysis

With the modeling choices formalised in Section 3.1.3, we start our investigation
of the model with mathematical analysis.

3.2.1 Timescale Separation

We assume that the metabolism rates are much higher than the enzyme produc-
tion and dilution by growth rates, e.g. µ is a small parameter. Hence we can
separate the timescales.
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Fast Timescale

For the fast timescale we set µ = 0 and thus consider the enzyme concentrations
ei to be static while the metabolism flows. The differential equations are then
given by

ẋi = eifi − ei+1fi+1,

ė = 0.

From [27] we know that the linear chain without enzyme dynamics has a
unique steady state that is globally stable. Thus in this timescale, the metabolite
concentrations x will flow to a unique solution, x̄(e), solving ẋi = 0, which
depends on the initial enzyme concentrations e.

Slow Timescale

The slow timescale follows from substituting τ = µt in the original system. Then
the time derivative changes as

d

dt
= µ

d

dτ
.

The differential equation system changes to,

µx′i = eifi − ei+1fi+1,

µe′j = µ (εj(xs)− ej) .

Dividing out µ, we have

µx′i = eifi − ei+1fi+1,

e′j = εj(xs)− ej .

Setting µ = 0, we get the differential algebraic system that defines the dynamics
of the slow timescale for the quasi equilibrium x̄(e) and the time-dependent
enzyme concentrations. They are

0 = eifi − ei+1fi+1, (3.11)
e′j = εj(x̄s)− ej (3.12)

for i = 1, . . . , n − 1, where fi are functions of the Quasi Steady State (QSS)
x̄1, . . . , x̄n−1. The QSS is such that equations (3.11) hold. This implicitly defines
x̄ as the unique solution of n− 1 variables (x̄) in n− 1 equations.
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Explicit Dependence of the Metabolic Quasi Steady State

We rewrite these equations to a form more amenable to analysis, by adding the
steady state flux as an extra variable c as follows. For any e, the solution x̄
yields that

e1f1 = e2f2 = . . . = enfn = c̄(e),

where the extra equation enfn = c adds a dependent variable c, from which we
can rewrite all the other steady state equations to

Fi(xi−1, xi, ei, c) = 0, i = 1, . . . , n, (3.13)

where
Fi := eifi − c.

Now we have n equations in n variables (x and c). For any e, the functions
x̄(e) and c̄(e) are such that equations (3.13) are equivalent to (3.11).

We introduce some convenient vector notation,

F (x, e, c) =

F1

...
Fn

 .

For any e, the implicit x̄ and c̄ are determined as the unique solutions to

F (e, x̄, c̄) = 0. (3.14)

These alternative equations yield a clearer picture of how x̄ depends on e,
which we will deduct step by step. To be more precise, we will first introduce
a partial solution x∗(e, c) based on n − 1 equations (F2 = 0, . . . , Fn = 0) and
derive explicitly its partial derivatives to e and c (Lemma 17). Then we solve
the last equation (F1 = 0) for c, yielding c̄. We find explicit derivatives of c̄
to e (Lemma 18). Combining this with the results for x∗, we calculate partial
derivatives of x̄ to e.

For convenience, we introduce some notation for the partial derivatives of
the flux functions to their substrate and product concentrations,

fi,1 :=
∂fi
∂xi−1

fi,2 := − ∂fi
∂xi

, (3.15)

where i = 1, . . . , n. Note that fi,1 > 0 and fi,2 > 0, but that f1,1 and fn,2 should
be disregarded, because x0 and xn are not dynamic variables. Anywhere where
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we do write f1,1, it will be both in the numerator and denominator of a fraction
rendering it irrelevant; this is done only to make the notation uniform.

We can immediately see what terms are positive and negative in the partial
derivatives of Fi = eifi − c.

∂Fi
∂xi−1

= eifi,1,
∂Fi
∂xi

= −eifi,2,
∂Fi
∂ei

= fi,
∂Fi
∂c

= −1 (3.16)

In the derivations to come we often come across the following terms,

Cul :=
∏

l<k<u

fk,2
fk,1

,

where l ≤ u− 2. As we can see that

Cul =
fu,1
fu,2

Cu+1
l ,

we can generalise this notation also for when l ≥ u− 1,

Cul :=



u−1∏
k=l+1

fk,2

fk,1
l ≤ u− 2,

1 l = u− 1,
l∏

k=u

fk,1

fk,2
l ≥ u.

(3.17)

This will make the expressions for the explicit partial derivatives of x∗, c̄ and x̄
more convenient.

Lemma 17. For any e > 0 such that
∑n
j=1 = 1 and c > 0 small enough, there

exist unique solutions x∗1(e, c), . . . , x∗n−1(e, c), that solve F2 = 0, . . . , Fn = 0.
Furthermore their partial derivatives are:

∂x∗i
∂ej

= 0 j = 1, . . . , i, (3.18)

∂x∗i
∂ej

= −Cji
fj

ejfj,1
j = i+ 1, . . . , n, (3.19)

∂x∗i
∂c

=

n∑
l=i+1

Cli
1

elfl,1
, (3.20)

for i = 1, . . . , n− 1, with Cli and C
j
i given by (3.17).
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Proof. A sketch of the argument that this proof is based on can be found in
Figures 3.1 and 3.2.

Let 1 ≤ i ≤ n− 1. If i = n− 1, the next metabolite is external, xi+1 = xn.
Otherwise assume that x∗i+1(e, c) solves Fi+2, such that

∂x∗i+1

∂ej
= 0 j ≤ i+ 1.

Considering Fi+1, note that if xi is at the boundary of the admissible domain,
xi = ki+1x

∗
i+1, then fi+1 = 0 and Fi+1 = −c. On the other end, xi is not

bounded and fi+1 saturates to some maximum value. If c is smaller than the
maximum value of ei+1fi+1, Fi+1 > 0 follows for great enough xi. Furthermore,

∂Fi+1

∂xi
= ei+1fi+1,1 > 0,

so in between these extremes, there is a unique x∗i that solves Fi+1(x∗i , x
∗
i+1, ei+1, c),

by continuity.

We consider the dependency of Fi+1 on its variables,

∂Fi+1

∂xi
= ei+1fi+1,1,

∂Fi+1

∂ej
= 0, j ≤ i

∂Fi+1

∂ej
= fi+1, j = i+ 1

∂Fi+1

∂ej
= −ei+1fi+1,2

∂x∗i+1

∂ej
, j ≥ i+ 2,

∂Fi+1

∂c
= −1− ei+1,2fi+1,2

∂x∗i+1

∂c
.

Note the difference with (3.16) that comes from using the implicit solution x∗i+1

with the chain rule. Partial differentiation then yields the recursively defined
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derivatives by the Implicit Function Theorem, assuming that c is small enough.

∂x∗i
∂ej

= −

(
∂Fi+1

∂ej

)
(
∂Fi+1

∂xi

) ,
∂x∗i
∂ej

= − fj
ejfj,1

, j = i+ 1 (3.21)

∂x∗i
∂ej

=
fi+1,2

fi+1,1

∂x∗i+1

∂ej
, j ≥ i+ 2, (3.22)

∂x∗i
∂c

=
1

ei+1fi+1,1
+
fi+1,2

fi+1,1

∂x∗i+1

∂c
. (3.23)

For any pair i = 1, . . . , n− 1, j = 1, . . . , n, either ∂x∗i
∂ej

= 0 or solution (3.22)
can be iteratively applied, until j = i+ 1 (solution (3.21)), yielding the explicit
partial derivatives

∂x∗i
∂ej

=


0 j ≤ i,
− fj
ejfj,1

j = i+ 1,

−

(
j−1∏
k=i+1

fk,2

fk,1

)
fj

ejfj,1
j ≥ i+ 2.

(3.24)

For any 1 ≤ i ≤ n− 1, solution (3.23) for the c-dependence of x∗i can also be
iteratively applied, taking into account that xn is constant, so

∂xn−1

∂c
=

1

enfn,1
, (3.25)

yielding the explicit partial derivatives

∂xi
∂c

=
1

ei+1fi+1,1
+

n∑
l=i+2

(
l−1∏

k=i+1

fk,2
fk,1

)
1

elfl,1
i ≤ n− 2

∂xi
∂c

=
1

enfn,1
i = n− 1.

If we now substitute (3.17) into the equations, the derivatives are given by (3.18),
(3.19) and (3.20).
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0 xi

ei+1fi+1

c
↑
c

x∗i
→ x∗i

Figure 3.1: Schematic representation of Fi+1 = 0 and how the solution
x∗i depends on c. For increased c (the dotted graphs), fi+1 decreases, the
equilibrium value ki+1x

∗
i+1 is increased, thus the solution x∗i is increased.

Note that the x∗i do not depend on e1 as it always falls under (3.18), because
1 ≤ i for all i.

We are ready to solve the last equation F1 = 0 for c, using x∗1(e, c),

e1f1(x0, x
∗
1(e, c))− c = 0. (3.26)

Lemma 18. For any e > 0 such that
∑n
j=1 = 1, there is a unique c̄(e)

that solves (3.26), such that together with x∗ it represents the slow manifold,
x̄(e) = x∗(e, c̄(e)). Furthermore the partial derivatives of c̄ are given by

∂c̄

∂ej
= S−1 e1f1,2

ejfj,1
Cj1fj j = 1, . . . , n, (3.27)

where Cj1 is given by (3.17) and S−1 normalises the factors in front of the fj in
the partial derivatives above,

S =

n∑
k=1

e1f1,2

ekfk,1
Ck1 . (3.28)
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0 xi

c

ei+1fi+1

ei+1fi+1

x∗i
← x∗i

Figure 3.2: Schematic representation of Fi+1 = 0 and how the solution
x∗i depends on ej for j ≥ i+ 1. For increased ej (the dotted graph), x∗i+1

decreases, increasing fi+1 and the solution x∗i becomes smaller. Note
how the dotted graph is not just above the original graph, but that the
chemical equilibrium value x∗i+1 where fi+1 = 0 is decreased due to ej
changing the base value ki+1x

∗
i+1. If j = i + 1, however, the dotted

graph should actually have the same origin on the horizontal axis, and
an increased ei+1 would still put the dotted graph above the original.

Proof. Equation (3.26) has the following partial derivatives, based on the known
partial derivatives of x∗1 (3.18), (3.19) and (3.20),

∂F1

∂e1
= f1,

∂F1

∂ej
= −e1f1,2

∂x∗1
∂ej

j = 2, . . . , n,

= Cj1
e1f1,2

ejfj,1
fj ,

∂F1

∂c
= −1− e1f1,2

∂x∗1
∂c

,

= −1−
n∑
l=2

Cl1
e1f1,2

elfl,1
< 0 (3.29)

If c = 0, the flux functions are at chemical equilibrium, fj(x∗j−1, x
∗
j ) = 0, so

x∗j−1 = kjx
∗
j , for j = 2, . . . , n, given that e > 0. Therefore the intermediate

solution is then at equilibrium with the waste concentration x∗1(e, 0) =
∏n
j=2 kjxn

and

f1(x0, x
∗
1(e, 0)) =

x0 − (
∏n
i=1 ki)xn

a1 + b1x0 + c1x1
> 0, (3.30)
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because we have assumed our system to be positively oriented (3.8).
This proves that if c = 0, x∗1 is such that F1 > 0.
On the other end of the spectrum, x∗1 is only defined for c small enough and

as c approaches this bound, x∗1 will become unbounded. In particular for c close
to this bound, we get

x∗1 >
x0

k1
,

so F1 is negative for c large enough.
Note that F1 is decreasing in c (3.29) and goes from positive to negative

over the domain of c. Therefore there is a unique solution c̄(e) by continuity.
Substituting c̄ into x∗ yields a unique solution to the steady state equations that
define the slow manifold x̄ (3.14).

Furthermore from the Implicit Function Theorem, we get the partial deriv-
atives are given through implicit differentiation using the above equations and
Lemma 17,

∂c̄

∂e1
=

f1

1 +
n∑
l=2

Cl1
e1f1,2
elfl,1

∂c̄

∂ej
=

Cj1
e1f1,2
ejfj,1

fj

1 +
n∑
l=2

Cl1
e1f1,2
elfl,1

j = 2, . . . , n.

If we use a mathematical trick to substitute

1 =
e1f1,2

e1f1,1
C1

1 ,

the partial derivatives are given by

∂c̄

∂ej
=

Cj1
e1f1,2
ejfj,1

fj
n∑
l=1

Cl1
e1f1,2
elfl,1

,

for j = 1, . . . , n, which is exactly what we wanted to get (3.27) if we substitute
S (3.28). This trick is why C1

1 was defined as it was (3.17) and why f1,1 can
still be disregarded.

To get some intuition for the flux c in the equations of the argument above,
consider some intermediate enzyme with concentration ej . It is only involved in
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the equation Fj . If we set c = 0 in this equation, we force the flux through this
enzyme to zero, yet if we push c to its maximum value that still has a solution
in Fj , the substrate concentration is pushed up to infinity. This is in particular
beyond its maximal value where it is at chemical equilibrium with the nutrient
concentration x0. That forces all enzymatic fluxes leading up to ej to be zero,
so c is caught in between being zero in this equation and pushing itself to zero
in other equations by increasing in this equation. The Lemma above shows that
if ej > 0 for all j, we can push c up from zero in all instances at once to then
push x∗1 from chemical equilibrium with xn up to x̄1, leading to the steady state
flux c̄.

Corollary 19. The implicit function x̄(e) that defines the slow manifold has
the following partial derivatives,

∂x̄i
∂ej

= S−1
n∑

l=i+1

e1f1,2

elfl,1
Cj1C

l
i

fj
ejfj,1

j ≤ i (3.31)

= −S−1
i∑

k=1

e1f1,2

ekfk,1
Ck1C

j
i

fj
ejfj,1

j > i, (3.32)

where S is given in (3.28)

Proof. The function x̄ follows from x∗ and c̄,

x̄(e) = x∗(e, c̄(e)), (3.33)

thus for any i = 1, . . . , n− 1 and j = 1 . . . , n it follows that

∂x̄i
∂ej

=
∂x∗i
∂ej

+
∂x∗i
∂c

∂c̄

∂ej
. (3.34)

Taking the expressions from the derivatives given in (3.20) and (3.27), we
can immediately see

∂x∗i
∂c

∂c̄

∂ej
=

(
n∑

l=i+1

Cli
1

elfl,1

)(
S−1 e1f1,2

ejfj,1
Cj1fj

)
,

= S−1
n∑

l=i+1

e1f1,2

elfl,1
Cj1C

l
i

fj
ejfj,1

, (3.35)

with S as in (3.28), in which Cul is defined in (3.17).
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From (3.18) and (3.19), we recall

∂x∗i
∂ej

= 0 j ≤ i,

∂x∗i
∂ej

= −Cji
fj

ejfj,1
j ≥ i+ 1.

Hence for j ≤ i, ∂x̄i

∂ej
is given by (3.35).

For j ≥ i+ 1 we have to do some more work, but we recognise in (3.35) we
can rewrite the following

Cj1C
l
i = (Cl1C

j
l−1)Cli

= Cl1C
j
i ,

for l ≤ j. Otherwise the same identity holds,

Cj1C
l
i = Cj1(CjiC

l
j−1)

= Cl1C
j
i ,

for l ≥ j + 1, manipulating the factors based on the definition (3.17).
Combining these expressions in (3.34) and recalling S from (3.28) yields

∂x̄i
∂ej

= −Cji
fj

ejfj,1
S−1S + S−1

n∑
l=i+1

e1f1,2

elfl,1
Cl1C

j
i

fj
ejfj,1

,

= S−1

(
−Cji

n∑
k=1

e1f1,2

ekfk,1
Ck1 +

n∑
l=i+1

e1f1,2

elfl,1
Cl1C

j
i

)
fj

ejfj,1
,

= −S−1
i∑
l=1

e1f1,2

elfl,1
Cl1C

j
i

fj
ejfj,1

From the explicit form of the partial derivatives of x̄ to all e, we can see
what is the time-dependency for x̄.

Corollary 20. In the slow timescale, we have

x̄′i =
e1f1,2

S

i∑
k=1

Ck1
ekfk,1

n∑
l=i+1

Cli
elfl,1

(fkεk − flεl) (3.36)
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Proof. The change of an internal metabolite concentration in the slow timescale
completely depends on the change in the enzyme concentration,

x̄′i =

n∑
j=1

∂x̄i
∂ej

e′j . (3.37)

The expression for the partial derivative ∂x̄i

∂ej
is qualitatively different for

j ≤ i (3.31) and j > i (3.32). Hence we split the sum (3.37) into these two parts,
j1 ≤ i and j2 > i.

x̄′i =
e1f1,2

S

 i∑
j1=1

n∑
l=i+1

Cj11 C
l
i

elfl,1

fj1
ej1fj1,1

e′j1 −
n∑

j2=i+1

i∑
k=1

Ck1C
j2
i

ekfk,1

fj2
ej2fj2,1

e′j2

 .

We can rename the indices j1 = k, j2 = l and see that the two double sums can
be integrated,

x̄′i =
e1f1,2

S

(
i∑

k=1

n∑
l=i+1

Ck1C
l
i

elfl,1

fk
ekfk,1

e′k −
n∑

l=i+1

i∑
k=1

Ck1C
l
i

ekfk,1

fl
elfl,1

e′l

)
,

=
e1f1,2

S

i∑
k=1

Ck1
ekfk,1

n∑
l=i+1

Cli
elfl,1

(fke
′
k − fle′l) .

The expressions for the time derivatives of the enzyme concentrations (3.12) can
be substituted and as we are at QSS, the steady state equations hold,

ejfj − c̄ = 0,

for j = 1, . . . , n, therefore we can finish the proof to the desired expression,

e′j =
e1f1,2

S

i∑
k=1

Ck1
ekfk,1

n∑
l=i+1

Cli
elfl,1

(fk(εk − ek)− fl(εl − el)) ,

=
e1f1,2

S

i∑
k=1

Ck1
ekfk,1

n∑
l=i+1

Cli
elfl,1

(fkεk − c̄− flεl + c̄) ,

=
e1f1,2

S

i∑
k=1

Ck1
ekfk,1

n∑
l=i+1

Cli
elfl,1

(fkεk − flεl) .
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From Lemma 18 and Corollary 19, we get derivatives towards the direction
of increasing ej , which does not comply with the notion that the total amount of
enzyme remains constant at eT = 1. To interpret the partial derivatives inside
the space where eT = 1 holds, we would have to make some linear combination
of the ej dependent on the other variables and introduce directional derivatives.
A simple way is to take e1 = 1 −

∑n
j=2 ej for instance, such that increasing

any enzyme concentration other than e1 means decreasing e1 by that much and
conserving the total amount.

One key observation is that in the direction

e1,n =


1
0
...
0
−1

 ,

the total amount of enzyme is conserved and the directional derivative is positive

dxi
de1,n

= S−1
n∑

l=i+1

e1f1,2

elfl,1
C1

1C
l
i

f1

e1f1,1
+ S−1

i∑
k=1

e1f1,2

ekfk,1
Ck1C

n
i

fn
enfn,1

> 0, (3.38)

for all i = 1, . . . , n− 1. This has the consequence that the subspace of the
enzyme distribution space defined by having some fixed xi is a smooth manifold.

3.2.2 The Quasi Steady State Defines a Smooth Bijection
So far we have assumed that the enzymes are all present e > 0, which is
not unreasonable, but there is some insight to be gained from considering the
boundary where some enzyme concentrations are zero.

If exactly one enzyme concentration is zero, ej = 0, the function x̄(e) is also
well-defined. Obviously then there is no flux through the system: c = ejfj = 0,
and because all other enzyme concentrations are positive, ek > 0, k 6= j, the
remaining fluxes must be at chemical equilibrium, fk = 0, k 6= j. Thus the first
few metabolite concentrations (i ≤ j − 1) are at equilibrium with the nutrient
concentration x0 and the last few metabolite concentrations (i ≥ j) are at
equilibrium with the waste concentration xn. Therefore x̄ is uniquely defined for
these border-points, but it is not an injection, as the exact values of x are now
given, solely based on the information that exactly one enzyme concentration is
zero, ej = 0 < ek, for some j and all k 6= j.
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Let us therefore define clearly the spaces for which we will show that x̄ is a
bijection,

E :=

e ∈ Rn : e > 0,

n∑
j=1

ej = 1

 . (3.39)

The function x̄, implicitly defined solving equations (3.14), is a bijection between
E and the space of admissible metabolite concentrations

X :=
{
x ∈ Rn−1 : x > 0,f(x) > 0

}
. (3.40)

Lemma 21. For the nonzero enzyme concentrations, the steady state metabolite
concentrations are uniquely defined and they uniquely define the enzyme profile.
The implicit function

x̄ : E → X

defined by equations (3.14) is a smooth bijection.

Proof. Note that from Lemma 18, this function is well-defined for all e ∈ E.
We have already shown that it has a unique inverse when we discussed what ε
should solve the metabolic steady state equations for a given ξ in Section 3.1.1,
so we will just provide the explicit solution, given x and therefore given f ,

ej =

1
fj
n∑
k=1

1
fk

. (3.41)

To prove smoothness, note that we have shown that inside E there is always a
direction in which all xi increase (3.38), hence the Jacobian matrix of x(e) always
has full rank. Smoothness follows from the Implicit Function Theorem.

3.2.3 Inverse Quasi Steady State; Enzyme levels follow
the Metabolic Concentrations

Lemma 21 shows that x̄(e) is a smooth bijection and its inverse ē is explicitly
defined (3.41).

Furthermore, we can use these explicit steady states e to derive expressions
for c̄′ and x̄′i, i = 1, . . . , n−1, that only depend on x, such that we have simplified
the total dynamical system to having only the metabolic concentrations x as
variables. This is based on the resulting expressions for ∂c̄

∂ej
from Lemma 18 and

x̄′i from Corollary 20. Note that from the definition of the system in Section
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3.1.3 it is not obvious that such a construction is possible, but now that we
have constructed the derivatives of x̄ and c̄ and have equations that express e in
terms of x, it follows immediately.

Corollary 22. The steady state flux has time derivative in the slow timescale

c̄′ =

n∑
j=1

S−1 fjf1,2

f1fj,1
Cj1(εjfj − c̄), (3.42)

where

S =

n∑
k=1

fkf1,2

f1fk,1
Ck1 , (3.43)

c̄ =
1

n∑
j=1

1
fj

. (3.44)

Proof. Using the expression for ∂c̄
∂ej

(3.27), we see

c̄′ =

〈(
∂c̄

∂ej

)n
j=1

, ε− e,

〉

=

n∑
j=1

S−1 e1f1,2

ejfj,1
Cj1fj(εj − ej),

=

n∑
j=1

S−1 e1f1,2

ejfj,1
Cj1(εjfj − ejfj).

An alternative form of the steady state equations

e1f1 = c̄ = ejfj ,

can be written as
e1

ej
=
fj
f1
.

Substituting these forms into the expression for c̄′ almost eliminates the enzyme
concentrations from the equation,

c̄′ =

n∑
j=1

S−1 fjf1,2

f1fj,1
Cj1(εjfj − c̄).
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The only proliferation of the ej is in c̄ and

S =

n∑
k=1

e1f1,2

ekfk,1
Ck1 ,

so through the steady state equations this can be rewritten without the enzyme
concentrations,

S =

n∑
k=1

fkf1,2

f1fk,1
Ck1 . (3.45)

Furthermore we can write c̄ as a function of only x, because
n∑
j=1

ej = 1

and from the steady state equations

ej =
c̄

fj
,

so we can see

c̄

n∑
j=1

f−1
j = 1,

c̄ =

 n∑
j=1

f−1
j

−1

.

The time dependence of the metabolic concentrations x′ in terms of only x
follows by taking Corollary 20, while substituting any instance of ej by using
the quasi steady state equations (3.41).

Corollary 23. By means of the quasi steady state assumption, the system can
be rewritten as an ODE system in only x̄ by

x̄
′

i =
1

c̄

(
(1− Pi)

i∑
k=1

f2
k

fk,1
Cki εk − Pi

n∑
l=i+1

f2
l

fl,1
Cliεl

)
, (3.46)

where Pi is denoted in equation (3.47).
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Proof. Start with the following substitution from the quasi steady state:

ej =
c̄

fj
j = 1, . . . , n,

where c̄ is given in (3.44)
We then get an expression of the time dependence of x solely in terms of x,

x̄
′

i =
1

S

i∑
k=1

n∑
l=i+1

e1f1,2

ekfk,1
Ck1

Cli
elfl,1

(fkεk − flεl)

=
1

Sc̄

i∑
k=1

n∑
l=i+1

fkf1,2

f1fk,1
Ck1

fl
fl,1

Cli (fkεk − flεl) .

Recall that S can be rewritten through the steady state equations to not
depend on e (3.45).

We can rewrite the expression for x̄
′

i, substituting C
i+1
1 Cli = Cl1 on the second

line,

x̄
′

i =
1

c̄


n∑

l=i+1

f1,2fl
f1fl,1

Cli

S

i∑
k=1

f2
k

fk,1
Ck1 εk −

i∑
k=1

f1,2fk
f1fk,1

Ck1

S

n∑
l=i+1

f2
l

fl,1
Cliεl



=
1

c̄


n∑

l=i+1

f1,2fl
f1fl,1

Cl1

S

i∑
k=1

f2
k

fk,1

Ck1
Ci+1

1

εk −

i∑
k=1

f1,2fk
f1fk,1

Ck1

S

n∑
l=i+1

f2
l

fl,1
Cliεl


Above we recognise the two complementary parts of the total sum of S

divided by S (3.43). So the following is always a fraction between 0 and 1
Pi ∈ [0, 1],

Pi =

i∑
k=1

f1,2fk
f1fk,1

Ck1

n∑
j=1

f1,2fj
f1fj,1

Cj1

, (3.47)

which can be substituted in the expression,

x̄
′

i =
1

c̄

(
(1− Pi)

i∑
k=1

f2
k

fk,1

Ck1
Ci+1

1

εk − Pi
n∑

l=i+1

f2
l

fl,1
Cliεl

)
.
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Recall that we introduced a natural extension to the definition of Cul in
(3.17). From this we can see, if k ≤ i,

Cki =
Ck1
Ci+1

1

,

which leads to the expression

x̄
′

i =
1

c̄

(
(1− Pi)

i∑
k=1

f2
k

fk,1
Cki εk − Pi

n∑
l=i+1

f2
l

fl,1
Cliεl

)
. (3.48)

3.2.4 Stability
As remarkable as it may be that the expressions in Corollaries 22 and 23 have
been derived, for the consideration of the stability it actually makes more sense
to avoid this ‘simplification’, because the direction of flow in the space of enzymes
is much simpler,

e′ = ε− e,

even though the definition of ε(x̄s(e)) is not simple at all.
There is a subtle and important difference between the steady state for (ξ, ε)

and for (x̄(e), e), and that is that in the case of ξ, the external concentration x0

is estimated at ξ0(xs), and ξ minimises the objective function (3.7) for ξ0, while
in the case of x̄(e), the nutrient concentration is fixed at its actual value x0,
while it does not necessarily minimise the objective function. As the estimated
optimal enzyme profile ε has sum equal to 1 by definition (3.10), it follows that
ε ∈ E.

One could consider
x̄(ε)

and compare this to ξ. If ε and ξ0 are known, we can retrieve ξ through the
steady state equations. However, due to the subtle difference between x̄(ε) and
ξ, we have to retrieve it with a shifted external nutrient concentration x0 = ξ0.

The equations governing these two maps from ε are so similar, we can
predict an ordering between the two, based solely on how accurate the sensor
concentration xs is. If the current sensor value is different than the sensor in
optimum, the sensor value x̄(ε) at the predicted enzyme distribution ε is in the
same direction as the optimum.
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Let xos denote the sensor concentration in the unique optimum (recall Ω
(3.9)), so xos follows from

ξo ∈ Ω,

such that ξ0 = x0 by taking xos = ξos

Lemma 24. For any e ∈ E,

• if x̄s(e) = xos, then x̄s(e) = x̄s(ε),

• if x̄s(e) < xos, then x̄s(e) < x̄s(ε),

• if x̄s(e) > xos, then x̄s(e) > x̄s(ε).

Proof. Let e ∈ E. The corresponding point on the slow manifold x̄(e) has sensor
value x̄s, which yields ε.

If x̄s(e) = xos, then ξ = ξo, ξ0 = x0 and ε is the true optimum. Therefore

(x0, x̄(ε)) = ξ,

so it follows that
x̄s(ε) = xos.

This proves the first result of the lemma.
We assume x̄s(e) < xos.
The set Ω (3.9) has the property that if xs increases, the corresponding

element ξ ∈ Ω increases in all of its entries. This is a corollary to Lemma 16 as
any alternative to this would contradict that result. Specifically this means that
ξ0 increases with xs and from x̄s(e) < xos it follows that ξ0(xs) < x0.

The intermediate solution x∗(ε, c) yields ξ from ε if the following equation
holds for c,

ε1f1(ξ0, x
∗
1(ε, c))− c = 0. (3.49)

We recall that for c̄ equation (3.26) holds,

ε1f1(x0, x
∗
1(ε, c))− c = 0. (3.50)

If (3.50) holds, the intermediate solution yields x̄(e). Define c = c̃ as the
solution to (3.49). Then the intermediate solution yields ξ. Note that the only
difference between (3.49) and (3.50) is that we consider x0 = ξ0 instead of
x0 = x0 respectively.

So both c = c̃ and c = c̄ are solutions to equation

G1 := ε1f1(x0, x
∗
1(ε, c)− c = 0, (3.51)
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for x0 = ξ0 and x0 = x0 respectively.
Partial differentiation of (3.51) yields that

∂c

∂x0
= −

(
∂G1

∂x0

)
(
∂G1

∂c

)
=

∂f1
∂x0

f1,2
∂x∗1
∂c + 1

=

∂f1
∂x0

S
> 0,

where we use the known expression for ∂x∗1
∂c (3.20). So ξ0(xs) < x0 yields that

c̃ < c̄.
Note that the statement that ∂c

∂x0
> 0 follows immediately from its interpret-

ation as well: if the nutrient concentration increases, the steady state flux of
balanced metabolism increases.

Recall that x̄s(e) = ξs = x∗s(ε, c̃) and x̄s(ε) = x∗s(ε, c̄). From expression
(3.20) in Lemma 17, it follows that the intermediate solutions increase with c,
∂x∗i
∂c > 0, i = 1, . . . , n− 1. Specifically the intermediate solution for the sensor
increases with c, ∂x

∗
s

∂c > 0, we conclude that x̄s(ε) < x̄s(e).
For x̄s(e) > xos the proof follows in the same way.

This ordering is rather abstract, but strong in consequence. Combining it
with the result of Lemma 21 that x̄ defines a smooth bijection, this proves that
the unique and optimal steady state of the linear chain is locally stable. The
stability of this system is the main result of this chapter.

Theorem 25. The optimum and unique steady state εo of qORAC for the linear
chain of n enzymes is locally stable in the slow timescale.

Proof. The optimum εo is the given from ξo through the definition of ε (3.10),
where ξo is the unique optimum in Ω (3.9) such that ξo0 = x0. Recall that xos
denotes the sensor concentration of ξo.

This proof involves finding the eigenvalues of the Jacobian and proving they
are all negative. We will prove this by discussing the two distinct linear spaces
that are qualitatively different that make up the total localised linearisation
around the optimum. There is the (n − 2)-dimensional linearisation of the
xos-level-set. This entire space is part of the eigenspace with eigenvalue −1. And
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there is the eigenspace that is transverse to this xos-level-set, which has dimension
1 and can be shown to have a negative eigenvalue.

The QSS x̄ is a smooth function and a bijection on E (3.39) and the Jacobian
matrix of x̄ has maximal rank (Lemma 21). This implies that x̄s(e) is a
continuous functional and the subset of E where x̄s = xos is a smooth manifold
around εo. If we consider a small enough neighbourhood of the optimum εo, this
manifold is approximated as an (n− 2)-dimensional linear space. Every element
e in this space has x̄s(e) = xos, therefore its estimated optimum is correct,

ε(x̄s(e)) = εo,

and it follows that that e is an eigenvector with eigenvalue −1: its time derivative
is given by

e′ = εo − e,
and in the linearisation around the optimum εo, the element e represents the
vector

e− εo.
This accounts for n−2 independent directions in the linearisation. Transverse

to this there is either an eigenvector or a generalised eigenvector inside this
same eigenspace. In the latter case all eigenvalues are −1 and the proof is
complete. So we assume there is another eigenvector transverse to the space
where x̄s(e) = xos. An element e that yields this eigenvector e− εo therefore has
x̄s(e) 6= xos. Assume without loss of generality that

x̄s(e) > xos.

As e− εo is an eigenvector, the direction of the time derivative

e′ = ε(x̄s(e))− e

is found by multiplying it by its eigenvalue

ε(x̄s(e))− e = λ(e− εo).

Hence the estimated enzyme distribution ε(x̄s(e)) is on the line defined as
containing e and εo

ε(x̄s(e)) = (1 + λ)e− λεo.
By Lemma 24, x̄s(e) > xos implies that x̄s(e) > x̄s(ε), so the steady state

level x̄s is decreased in the direction of the time derivative ε− e. The steady
state sensor level x̄s is increased in the direction of the vector time derivative
vector e − εo. This opposing direction implies that the estimated ε is in the
reverse direction on the line and therefore that λ < 0.
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3.3 Toy Model

There are quite a few possible roads to consider in order to finish the proof of
global stability of qORAC in the linear chain.

Here we introduce the smallest possible linear chain and prove stability,
relying on this becoming a scalar problem. This toy model serves as a simpli-
fying illustration of the model. We also disprove some promising possibilities
for Lyapunov functionals with numerically illustrated counterexamples for the
smallest linear chain.

Model formulation

The smallest model to still have an internal metabolite has n = 2.

e1 e2

x0 
 x1 
 x2
(3.52)

The differential algebraic system of our smallest model is given by

ẋ1 = e1f1 − e2f2,

ė1 = µε1 − µe1,

ė2 = µε2 − µe2,

where the reaction kinetics are defined by the standard reversible MM kinetics,

f1(x0, x1) =
x0 − k1x1

a1x0 + b1x1 + c1
,

f2(x1, x2) =
x1 − k2x2

a2x1 + b2x2 + c2
,

ϕ1 = f1(ξ0, x1),

ϕ2 = f2(x1, x2),

ε1 =
ϕ−1

1

ϕ−1
1 + ϕ−1

2

,

ε2 =
ϕ−1

2

ϕ−1
1 + ϕ−1

2

.
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Here x1 is the concentration of the only internal metabolite and sensor for the
nutrient concentration x0. The external concentration x0 is estimated based on
the sensor by ξ0(x1) as yielding the minimum for x1 of the objective function

O(x1, ξ0) = ϕ−1
1 + ϕ−1

2 ,

while x0 is the true, fixed value of the nutrient concentration x0. The nutrient
concentration is positively ordered, so

x0 > k1k2x2. (3.53)

Timescale Separation

Note that the sum of enzyme e1 + e2 = 1 is conserved over time as

d

dt
(e1 + e2) = ε1 − e1 + ε2 − e2

=
ϕ−1

1 + ϕ−1
2

ϕ−1
1 + ϕ−1

2

− (e1 + e2),

= 1− (e1 + e2) = 0.

We eliminate e2 from the equations and set it to 1− e1.
The nullcline ẋ1 = 0 describes the slow manifold of the quasi steady

state, which according to Lemma 21 is a bijection between the interval X =
(k−1

1 x0, k2x2) (3.40) and E = {(e1, e2) : e1, e2 > 0, e1 + e2 = 1} (3.39).
In the smallest linear chain, the border of each of these two regions contains

only two points and then the bijection can be extended to the border points as
seen in the following lemma.

Lemma 26. The nullcline ẋ1 = 0 starts at e1 = 0, x1 = k2x2 and continues
strictly increasing until e1 = 1, x1 = 1

k1
x0.

Proof. Considering ẋ1 = 0, we get

e1(x0 − k1x1)N−1
1 = (1− e1)(x1 − k2x2)N−1

2 ,

for N1, N2 the nonzero denominators of the flux functions f1 and f2 respectively.
If x1 = 1

k1
x0, then x1 6= k2x2 (3.53), so e1 = 1.

If x1 = k2x2m then x1 6= 1
k1
x0 (3.53), so e1 = 0.
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If x1 ∈ (k2x2,
1
k1
x0), then f1, f2 > 0, hence the nullcline ẋ1 = 0 yields

e1f1 = (1− e1)f2 (3.54)
e1

1− e1
=
f2

f1
(3.55)

There is always a unique solution e1, as f2
f1
∈ (0,∞) and e1

1−e1 is increasing in e1,
where (0, 1) is exactly mapped to (0,∞). The right hand side, f2f1 is increasing in
x1 (f2 is increasing, f1 is decreasing), thus the unique solution for e1 increases
as x1 increases.

In the slow timescale, the internal metabolite x1 follows its nullcline x1 =
x̄1(e1) as given in Lemma 26.

The estimated optimal enzyme concentration

ε1 =
1

1 + ϕ1

ϕ2

. (3.56)

follows a similar expression of x1 as e1 does on the nullcline. Hence, ϕ1 =
f1(ξ0(x1), x1), and not f1(x0, x1) as in (3.55), but ϕ2 = f2(x1, x2) is the same.
Now note that taking ξ0 instead of x0 in f1 is the only difference between e1 on
the slow manifold and ε1,

e1 such that ẋ1 = 0 : ε1 :

e1

1− e1
=
f2

f1

ε1

1− ε1
=
ϕ2

ϕ1

This leads us to see the following three results:

• We can see the global uniqueness of the solution. There is only one option
for an element of the nullcline ẋ1 = 0 to also satisfy e1 = ε1. This is to
have f1(x0, x̄1) = f1(ξ0, (x̄1), x̄1). The function f1 is strictly increasing in
its first argument, so the two sides can only be equal if ξ0(x1) = x0, and
as ξ0 is strictly increasing in x1, there is a unique solution.

• At its minimal value, x1 = k2x2, the estimation for the nutrient concen-
tration is ξ0 = k1k2x2, and then both flux functions are at equilibrium
f1 = f2 = 0, leading to f2

f1
being undefined, but the limit it exists and can

be computed, see also Section 4.3 of Chapter 4 for the derivation of this
limit for a general linear chain. For now, note that e1 has a defined value
between 0 and 1. This limit is the optimal enzyme production continued
to the equilibrium.
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• At its maximum value, x1 = 1
k1
x0, we have ξ0 at some value larger than

x0 and it follows that unlike the slow manifold, ε1 > 0:

ϕ1 = f1(ξ0,
1

k1
x0) > f1(x0,

1

k1
x0) = 0,

thus ε1 = ϕ1−1

ϕ−1
1 +ϕ−1

2

∈ (0, 1).

From the above remarks, based on continuity, we can conclude that the
nullcline ė1 = 0, compared to the nullcline ẋ1 = 0, has higher e1 until the unique
intersection, following which it has lower e1.

Assuming timescale separation, the dynamical system in the slow manifold

0 = e1f1 − (1− e1)f2,

ė1 = ε1 − e1

as the whole system is defined if e1 ∈ [0, 1] is known at a given point. It has
a unique solution and the dynamics are always directed towards this solution.
Hence the model is globally stable.

Lyapunov Functional Ideas and Counterexamples

The argument that we used to prove global stability in this smallest model is
based on it being a scalar problem, allowing for the application of the intermediate
value theorem. Therefore this proof cannot be extended to a linear chain of
arbitrary length. However, it does show that the objective of showing global
stability for the linear chain is attainable. Thus we can try other methods that
might extend to other linear chains.

So far, we have not been successful in this attempt. But we will introduce
likely candidates for a Lyapunov functional and show counterexamples.

Recall that a Lyapunov functional has a negative time derivative everywhere
except for in the steady state, thereby showing that the steady state is globally
stable.

Consider for a general linear chain the function

L(xs, e) =
1

2
‖ε(xs)− e‖2 .

This shows some promise to be a Lyapunov functional, because

dL

dt
= −‖ε− e‖2 +

n∑
j=1

(εj − ej)
dεj
dxs

ẋs,
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where a large part of the expression is obviously negative. If we can estimate the
possibly positive part

∑n
j=1(εj − ej) dεj

dxs
ẋs as less than the definitely negative

part −‖ε− e‖2 , then we can prove that L is a Lyapunov functional.
However, we can find a counterexample. Through some judicious guessing, a

set of parameters was chosen to represent the smallest linear chain (See Table
3.1). The Lyapunov functional is the square of the Euclidean distance between
the estimated optimal enzyme concentration vector ε and the current value e.
If we assume rapid equilibrium of the fast timescale, we will be on the slow
manifold and move towards the unique steady state. As can be immediately seen
in Figure 3.3, the Lyapunov functional will then not necessarily be decreasing
over time.

If we start with very low e1, the rapid equilibrium will yield very low x1 and
in the slow timescale, we will move upwards along the slow manifold, but the
estimated enzyme concentration ε1 will move upward faster, increasing L(x̄s, e1)
over time initially.

We can also take the distance between the enzyme distribution in the unique
global optimal steady state εo and the current estimated enzyme distribution ε.
As the system flows in the slow timescale, this might seem like a good candidate
for the Lyapunov functional as the estimate will become better perhaps.

Yet another counterexample can be found. Changing the parameters a bit
from the previous counterexample (Table 3.1), the curve of ε1 shows a steeply
increasing initial slope, followed by a very gently decreasing slope. As we follow
x̄1 in the same manner as before, starting at e1 ≈ 0 (and thus x1 ≈ 0), ε1 will
increase towards εo1 and then pass it, in order to gently decrease back to this
eventual value. For a brief interval, this newly suggested candidate is increasing
over time, rendering it of no use for a Lyapunov functional.

Although not depicted in this chapter, we have thought of, and found a
counterexample for, another candidate for a Lyapunov functional. This function
is the distance between the current sensor concentration and the sensor concen-
tration in the optimum. This is a Lyapunov Functional for the smallest linear
chain, but in a linear chain with 3 enzymes, we already found a counterexample.

The only candidate for a Lyapunov functional we have considered that we
have not been able to disprove through a counterexample is simply −c̄, minus
the steady state flux as the system flows in the slow manifold (or equivalently
the objective function). In every numerical simulation that we have performed,
the steady state flux c̄ would improve over time in a monotone manner.

Proving that this is indeed a Lyapunov functional is another matter. For
this we have to take the result of Corollary 22 and show that the resultant time
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Figure 3.3: The dynamics of the smallest linear chain. The streamplot
shows the actual dynamics for a small parameter µ. The blue line
describes the slow manifold and the red line the estimated optimal enzyme
concentration ε1 as a function of x1. This depicts a counterexample for
that ‖ε− e‖ can serve as a Lyapunov functional.

derivative (3.42) is always positive.

3.4 Results and Outlook

3.4.1 Results Summary

The results of Section 3.2 provide some insight into the dynamics of the internal
sensor based adaptive dynamics of the linear chain.

The complete dynamical system of qORAC for a linear chain of length
n described in Section 3.1.2 can be understood better through a timescale
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Figure 3.4: The dynamics of the smallest linear chain. The streamplot
shows the actual dynamics for a small parameter µ. The blue line
describes the slow manifold and the red line the estimated optimal enzyme
concentration ε1 as a function of x1. This depicts a counterexample for
that ‖εo − ε‖ can serve as a Lyapunov functional

separation.
In the fast timescale, the metabolic network finds a globally unique and

stable steady state x for static values of the enzyme concentrations e.
This steady state can be taken for all possible enzyme distributions where

the total amount of enzyme sums to 1 (3.39), which creates the functions x̄(e)
for the quasi steady state metabolic concentrations and the steady state flux
c̄(e).

By implicit differentiation, we can find explicit partial derivatives of x to e
(Corollary 19) and c̄ to e (Corollary 18).

The quasi steady state x̄ is a bijection between the space of conserved strictly
positive enzyme concentrations E (3.39) and the space of positive metabolic
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Parameter Figure 3.3 Figure 3.4
x0 3 3
x2 0 0
k1 1 1
a1 0.8 5
b1 1.2 1.2
c1 0.05 0.05
a2 1.3 20
c2 6 6
µ 0.01 0.005

Table 3.1: Parameters that yield the counterexamples for the proposed
Lyapunov functionals. Note that because x2 = 0, the parameters k2 and
b2 are obsolete.

concentrations where all flux functions are positive X (3.40).
The inverse of this bijection is explicitly given (3.41). Applying this to the

expressions of the explicit partial derivatives for x̄ and c̄ to e yields a dynamical
system, that is derived from the quasi steady state assumption of the fast
timescale and which only depends on the x variables, as the dependency on e is
eliminated.

Any estimation of the optimal steady state metabolic concentrations (i.e. ele-
ment of Ω) induces an optimal distribution of enzyme concentrations through
the steady state equations of the metabolic network. Almost the same equations
apply to this resultant enzyme distribution and its actual dual steady state
metabolic concentrations.

Comparing these two steady states yields the insight that the sensor concen-
tration will change in the same direction as where the eventual optimum is found
as we step from where we are now, to where the system is steering towards at
this moment in time.

As a consequence, the local stability of the system is evident (Theorem 25).

3.4.2 Numerical Illustration

We provide a numerical simulation to illustrate the apparent global stability of
the system.

With the insight into the input output relations that will be discussed in
Chapter 4, we have found a set of parameters that make ε vary greatly with xs
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(see Figure 4.5). Stability might be broken for these parameters of the qORAC
dynamical system.

In Figure (3.5) there is a depiction of the evolution of this system over time.
As can be seen, indeed, the estimated optimal enzyme concentrations have great
variability, but the system still seems globally stable, converging to its optimum.

This behaviour where no matter the parameters, no matter the initial condi-
tions, there is stability of qORAC, is consistent across all numerical simulations
we have performed. The example depicted here is the most varying we have
come across, but stability seems inevitable.

Furthermore the steady state flux is increasing over time for this entire
simulation as can be seen in Figure 3.6. The keen observer might notice that
at the start, c drops to zero and then starts increasing, but this is just before
the metabolic dynamics stabilise around the slow manifold, that one enzymatic
reaction has a positive flux.

3.4.3 Outlook

The general results in this chapter have shown that the dynamical system of
qORAC is stable. This was not an intended result of the work, but came out as
a consequence of our greater understanding the system.

Based on the results of this chapter, we can consider some Elementary Flux
Modes that represent actual biological pathways and see how the results extend.
Most pathways are at least globally stable for static enzyme concentrations,
although there are exceptions, notably yeast glycolysis as discussed in Chapter 2.
Furthermore, the dynamics of metabolism are in general in another timescale as
the enzyme production and growth rates. This means that for most pathways,
the quasi steady state assumption for metabolism is reasonable. The expression

e′ = ε− e,

lends itself to a similar construction for the proof of Theorem 25. We still
need that the quasi steady state function of x̄ is such that the subspace where
x̄s = xos is a smooth manifold through the optimum, which might not be evident.
Furthermore, the proof of Lemma 24 showing that x̄s(ε) is in the logical direction
from x̄s(e) is not based on the full explicit quasi steady state analysis given
before and therefore might be extended for general EFMs.

Another way to diversify the results of this chapter is to consider multiple
sensors. Typical microbes should sense for all the external metabolites they
interact with and therefore most EFMs must have multiple active sensors. Where
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they can be located is researched quite extensively [20], but how this affects the
local stability can be researched along the lines of Section 3.2.
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Figure 3.5: The simulation of qORAC for a linear chain with 3 enzymes.
The dotted graphs represent the estimated optimal enzyme distribution
based on the sensor value at that time. The solid graphs represent the
enzyme concentrations over time.
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Figure 3.6: The simulation of qORAC for a linear chain with 3 enzymes.
This is the steady state flux over time for the simulation depicted in
Figure 3.5.
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4
Input Output Relations for Internal Sensor

Based Adaptive Control.

4.1 Introduction

The model of specific flux Optimal Robust Adaptive Control (qORAC), described
in Section 3.1 provides a detailed interpretation of how a microbial cell can
adapt to its environment, without directly sensing it. Besides explaining how
the cell can do this and allowing us to prove the success of such a strategy in
Chapter 3, this model can predict the relation between the sensor concentration
and the target enzyme production distribution, based on optimal specific flux.
For instance in some parametrisation of the model

e1

x0 � x1 e3 e4

e2 � x4 � x5

x2 � x3

the enzymes are distributed as a function of sensor x1 as can be seen in Figure
4.1.

The model implicitly defines the relationship between the sensor metabolites
as input and the enzyme production as output under the assumption of maximal
specific flux (see also Section 1.4.2). It is given as the unique optimum in Ω
(3.9) that has the same sensor concentration as the current sensor concentration.

113
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Figure 4.1: The enzyme concentrations as a function of x1, the sensor
concentration, the cell will produce enzymes in this distribution based for
that value for x1 to get to optimal specific flux.

Any element of Ω is a steady state and a unique global optimum for associated
nutrient and enzyme concentrations. However, these values are defined by the
sensor concentration, so notably, the associated nutrient concentration might
be different from the true nutrient concentration. This definition does not
immediately give insight into what kind of graph will follow for the optimal
enzyme concentrations over the domain of the sensor.

In Chapter 3 we largely avoid dealing with the specific form of this relation
and focus on the quasi steady state.

In this chapter we aim to explore the input output relation and find rules or
trends that this relation shows. The relation shows the ideal enzyme synthesis
rates as a function of the sensor concentration, but the qualitative behaviour of
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this relation is unknown. If the sensor level rises, should the cell produce more
or less of a certain enzyme?

We wish to isolate individual rules and trends and therefore restrict ourselves
in each case to considering one sensor for one external substrate that varies over
the range that allows for a positive flux through the pathway.

4.1.1 Supply and Demand Driven Optimisation

As detailed in Chapter 3, there are two ways the enzyme distribution can be
optimised for a pathway. The supply of the sensed nutrient could be limiting,
where a specific total enzyme production has to be distributed to maximise a
target flux. Alternatively nutrient concentration is not limiting and the cell has
demand for a specific flux. Then the microbe minimises the total amount of
enzyme needed to accommodate this flux.

Although these two optimisation problems will lead to finding the minimum
of the same objective function, the input output relation is not the same, because
the total amount of enzyme is either fixed or varying. This difference is especially
apparent when the nutrient concentration is at the lower boundary of its domain,
i.e. barely above the threshold that allows for positive flux through the pathway.
Then enzyme levels that facilitate a fixed required flux are very large and
approach infinity if the nutrient levels are brought closer to the threshold, while
the enzyme levels that maximise the flux for the fixed total remain bounded (see
Figure 4.2).

This distinction is paramount to understanding the problem at hand. Solving
the minimisation problem for specific flux is less insightful: when interpreting
the relation, the key characteristic that can be seen is that the total amount of
enzyme decreases as there is more nutrient available. If there is another trend
to be found, the reader has to correct for this first trend. Therefore for the
remainder of this chapter, we shall focus on the maximisation problem where
the total amount of enzyme is fixed, such that we do not have to correct for this
general downward trend.

4.1.2 Questions

The goal of this chapter is to gain insight into the input output relation. There
are various aspects that we wish to explore. We specify below a number of
questions that we will investigate in this chapter.

1. How does the relation between sensor and enzyme concentrations look near
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Figure 4.2: The enzyme profiles for the optimisation problems of min-
imising total amount of enzyme while keeping the flux fixed (4.2a) and
maximising flux while keeping the total amount of enzyme fixed (4.2b).
The model is the linear chain with 12 enzymes as detailed in Section
4.4.5. It depicts the enzyme concentrations as a function of the nutrient
concentration where the leftmost point on the graph represents the positiv-
ity threshold. Here we see that Figure 4.2b conveys the most information,
because in Figure 4.2a the general downward trend dominates the graph.
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the equilibrium?

2. Can we predict whether a certain enzyme will be inhibited or activated by
an increase in sensor concentration?

3. More generally, what influence do the various kinetic parameters have on
the input output relations?

4. Is there a relationship between the different input output relations. Is
there some standard way in which it is ordered along the linear chain for
instance?

5. How do the input output relations change when choosing a sensor at the
beginning of the pathway rather than one more downstream? Is there an
optimal choice?

6. For a pathway with two external nutrient concentrations, how does an
increase in the sensed nutrient concentration influence the pathway?

7. Is there any typical effect in lengthening a linear chain? E.g. does the typical
slope become flatter, is there a typical increasing/decreasing tendency?

8. Does the increasing or decreasing behaviour as a function of the sensor con-
centration depend on the kinetic parameters or is this influence restricted
by the position in the chain?

4.2 Model formulation

4.2.1 Dynamical System

To keep this chapter self-contained, we will introduce the dynamical system fully,
but a more detailed introduction can be found in Section 3.1 of Chapter 3.

This framework requires the pathway to be an Elementary Flux Mode (EFM).
Such a pathway can be represented by its stoichiometric matrix N . The dynamics
are then given by

ẋ = N · v,
ė = µ(ε(xs)− e),
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where x is the vector of internal metabolite concentrations, e the vector of
enzyme concentrations, µ the dilution by growth,

v =

e1f1

...
enfn

 ,

the vector of reaction fluxes with constituent enzyme levels e1, . . . , en and enzyme
kinetic functions f1, . . . , fn, which depend on x and the external concentration
x0.

To define the output ε, we need some more context. An EFM has one degree
of freedom, so the kernel of N is the span of a single vector, i.e. if C is such that
N ·C = 0, then any solution N · v = 0 yields

v = cC,

for some c ∈ R.
To uniquely define C, choose it such that the target flux c to be maximised

has value 1. Then the total amount of enzyme eT ∈ R>0, in steady state, is

eT :=

n∑
j=1

ej = c

n∑
j=1

Cj
fj
.

The target flux c is now given by

c =
eT∑n
j=1

Cj

fj

.

We define the objective function as

O(x, x0) =

n∑
j=1

Cj
fj
. (4.1)

Finding the maximum target flux c for fixed eT is equivalent to finding the
minimum of the objective function O, which is notably independent of eT .

The set Ω contains all ξ = (x, x0), such that x is the minimum of the
objective function for all values of x0 that allow for positive steady state flux
c > 0.
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Given the sensor concentration xs, there is a corresponding projected optimum
ξ ∈ Ω that solves ∂O

∂xi
= 0 for x0 = ξ0. If we then apply the steady state equations

on ξ,

ej =
cCj
fj(xi)

, j = 1, . . . , n, i = 1, . . . , n− 1,

where c is such that
n∑
j=1

ej = eT ,

then the emerging ej provide our output ε.
If Ω is known, the input output relations are revealed. The key to under-

standing the input output relations is getting a complete overview of Ω and from
there the corresponding steady state enzyme concentrations ε.

4.2.2 Convenience Kinetics
In the models we will consider in this chapter, we use a generalised form of
reversible Michaelis Menten kinetics called convenience kinetics [16]. For an
enzymatic reaction reversibly converting

e
nx1

x1 + . . .+ nxk
xk � ny1y1 + . . .+ nylyl,

the general form of this is given by

f(x,y) =
k+
cat

∏k
i=1

(
xi

kM,xi

)nxi − k−cat
∏l
j=1

(
yj

kM,yj

)nyj

∏k
i=1

(
1 +

(
xi

kM,xi

))nxi

+
∏l
j=1

(
1 +

(
yj

kM,yj

))nyj − 1
, (4.2)

where the xi are the substrates, yj are the products of this reaction flux ef . The
parameters nxi

and nyj denote how many molecules of this specific kind are
involved in binding to this enzyme. The k+

cat is the forward and k−cat the backward
catalysis rate. The kM,xi

and kM,yj are the affinity constants associated with
the xi and yj respectively in this reaction flux.

To give the simplest example and justify these reaction kinetics as generalised
Michaelis Menten; if a reaction has only one substrate and one product, it is
given by

f(x, y) =
k+
cat

x
kM,x

− k−cat
y

kM,y

1 + x
kM,x

+ y
kM,y

. (4.3)
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4.2.3 Linear Chain
The main example of an EFM that is discussed in this chapter is a network given
by a linear chain of n enzymes.

e1 e2 e3 en−1 en
x0 
 x1 
 x2 
 . . . 
 xn−1 
 xn.

(4.4)

with corresponding qORAC-controlled dynamical system given by

ẋi = eifi − ei+1fi+1,

ėj = µ(εj(xs)− ej) (4.5)

fj =
xj−1 − kjxj

ajxj−1 + bjxj + cj
, (4.6)

where i = 1, . . . , n− 1 and j = 1, . . . , n.
The notation for MM kinetics given before (4.3) has a direct interpretation of

the parameters involved: a small kM means great sensitivity for the associated
metabolite and kcat denotes the amount of flux per unit of enzyme. The notation
given here (4.6) is more amenable to analysis. There is a bijection between the
parameters of both notations,

kj =
k−catkM,x

k+
catkM,y

, k+
cat =

1

aj
,

aj =
1

k+
cat

, k−cat =
kj
bj
,

bj =
kM,x

kM,yk
+
cat

, kM,x =
cj
aj
,

cj =
kM,x

k+
cat

, kM,y =
cj
bj
.

4.3 Limiting cases for the distribution of enzymes
for a general linear chain

The input output relations often are strictly increasing or decreasing functions
of the sensor. (This is not always the case as we will illustrate.) Therefore the
endpoints of these relations give much information about the general form of
these functions.
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We consider the general linear chain (4.4) with n enzymes and one sensor
and let the nutrient concentration go to its two limits, i.e. to equilibrium with
the waste concentration and to infinity.

The notation used in this section is introduced in Section 4.2.3.

4.3.1 Equilibrium Limit
When the nutrient concentration x0 starts approaching the value that would
correspond to equilibrium (f = 0) with the waste concentration xn, so x0 →∏n
i=1 kixn, the flux functions will all become zero. That means that the objective

function O (4.1), which sums the multiplicative inverses f−1
i of the fluxes,

becomes unbounded as x0 approaches the limit from above. However, the
optimal enzyme concentrations are given by the relative size of the inverse fluxes,

εi =
f−1
i

O
,

and it is possible to consider their limits, because both the numerator and
denominator approach infinity. We will show that these limits are well-defined
and we will calculate them.

Let us assume xn = 0. The limit can also be computed if this is not the case
with an analogous but more tedious calculation. When x0 →

∏n
i=1 kixn = 0,

the intermediate concentrations for the optimum will also approach 0, but more
generally, the numerators of the flux functions

ti = xi−1 − kixi

will approach zero.
The optimum for any x0 larger than 0 is not known in detail, but there is a

constraint that it has positive flux for all reactions. This positivity constraint
exactly means ti > 0 for all 1 ≤ i ≤ n.

We can note that
xi−1 = ti + kixi,

so that,

xi−1 = ti + ki(ti+1 + ki+1xi+1),

= ti + kiti+1 + kiki+1(ti+2 + ki+2xi+2),

= ti +

n∑
j=i+1

(
j−1∏
l=i

kl

)
tj
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Note that tn = xn−1, because xn = 0.
For simplicity, we denote for 1 ≤ i ≤ n

γi,j =

{
1 j = i∏j−1
l=i kl i < j ≤ n , (4.7)

βi = bi + kiai. (4.8)

so that

xi−1 =

n∑
j=i

γi,jtj , (4.9)

Now in particular, we have

x0 =

n∑
j=1

γi,jtj ,

Hence we see that while tj > 0 holds, we also have x0 → 0, so

n∑
j=1

γi,jtj → 0,

Therefore we have the limits

lim
x0→0

ti = 0 1 ≤ i ≤ n. (4.10)

This is because x0 → 0 means the domain of positive fluxes becomes increasingly
restricted, until it collapses to a point. At this equilibrium point, all fluxes are
zero and therefore all tj = 0, 1 ≤ j ≤ n.

Any minimum of the objective function is also an extremum, thus it satisfies
the optimum equations ∂O

∂xi
= 0, for i = 1, . . . , n− 1, or more specifically,

∂f−1
i

∂xi
+
∂f−1

i+1

∂xi
= 0,

which in more detail can be rewritten as

(bi + kiai)xi−1 + kici
(xi−1 − kixi)2

=
(bi+1 + ki+1ai+1)xi+1 + ci+1

(xi − ki+1xi+1)2
. (4.11)
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The optimum equations (4.11) can be rewritten with the notation for xi−1

(4.9) and βi (4.8), so that the only independent variables are tj , 1 ≤ j ≤ nβi n∑
j=i

γi,jtj + kici

 1

t2i
=

βi+1

n∑
j=i+2

γi,jtj + ci+1

 1

t2i+1

.

Thus, as we consider the limit where the ti are positive, we can take the square
root and see the following relation

ti+1 = ti

√
βi+1

∑n
j=i+2 γi,jtj + ci+1

βi
∑n
j=i γi,jtj + kici

=: qiti. (4.12)

This relation is not a simplification in order to get a clear solution for ti+1 in
terms of ti. However, we can use this substitution in order to derive the limit,
because the expression qi(ti, . . . , tn) of the square root in (4.12) has a defined
limit when x0 → 0 (see also (4.13)).

The expression for f−1
i can be rewritten,

f−1
i =

ai
∑n
l=i γi,ltl + bi

∑n
j=i+1 γi,jtj + ci

ti
,

=
aiti + (aiki + bi)

∑n
j=i+1 γi,jtj + ci

qi−1ti−1
,

because
∑n
l=i γi,ltl = ti + ki

(∑n
l=i+1 γi,ltl

)
and ti = qi−1ti−1. Then it can be

further rewritten to

f−1
i =

aiti + βi
∑n
j=i+1 γi,jtj + ci

q1 · · · qi−1t1
,

by iteratively applying the relation (4.12) and recognising βi (4.8).
This means that the optimal enzyme distributions can be rewritten to a form

that is well-defined as x0 → 0 by considering them as functions of t1, . . . , tn,

εi = f−1
i

(
n∑
l=1

f−1
l

)−1

,

=
aiti + βi

∑n
j=i+1 γi,jtj + ci

q1 · · · qi−1t1

(
t−1
1

n∑
l=1

altl + βl
∑n
j=l+1 γl,jtl + cl

q1 · · · ql−1

)−1

.
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Dividing out t1 yields

εj =
aiti + βi

∑n
j=i+1 γi,jtj + ci

q1 · · · qi−1

(
n∑
l=1

altl + βl
∑n
j=l+1 γl,jtl + cl

q1 · · · ql−1

)−1

.

The above expression has a well-defined limit, for which we need the limit of
qi, which we will derive first. By continuity away from zero,

lim
x0→0

qi(ti, ti+1, . . . , tn) = lim
x0→0

√
βi+1

∑n
j=i+2 γi,jtj + ci+1

βi
∑n
j=i γi,jtj + kici

,

=

√
βi+1

∑n
j=i+2 γi,j limx0→0(tj) + ci+1

βi
∑n
j=i γi,j limx0→0(tj) + kici

,

=

√
ci+1

kici
,

where the last step follows because limx0→0 tj = 0 (4.10). Hence

lim
x0→0

qi =

√
ci+1

kici
. (4.13)

The limit of εi can now be derived,

ε0
i := lim

x0→0
εi(t1, . . . , tn),

= lim
x0→0

aiti + βi
∑n
j=i+1 γi,jtj + ci

q1 · · · qi−1

(
n∑
l=1

altl + βl
∑n
j=l+1 γl,jtl + cl

q1 · · · ql−1

)−1

,

where we distribute the limit operator by continuity and note limx0→0 tj = 0
(4.10),

ε0
i =

ci
limx0→0(q1 · · · qi−1)

(
n∑
l=1

cl
limx0→0(q1 · · · ql−1)

)−1

.

Now we apply (4.13) for all qj , where 1 ≤ j ≤ n, such that

ε0
i =

ci

(
√

c2
k1c1
· · ·
√

ci
ki−1ci−1

)

 n∑
l=1

cl√
c2
k1c1
· · ·
√

cl
kl−1cl−1


−1

. (4.14)
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We simplify:

ε0
i =

√
cik1 · · · ki−1∑n

l=1

√
clk1 · · · kl−1

. (4.15)

This expression might seem to involve a lot of parameters, but the ratio between
consecutive limit values is more intelligible,

ε0
i

ε0
i+1

=

√
ci

ci+1ki
. (4.16)

Note that if xn > 0, the above derivation becomes more tedious, but not
impossibly so. If xn = 0, the denominator of the flux function fj becomes cj as
we approach the equilibrium, but when xn > 0, this denominator also approaches
a well-defined value

c̃j = (ajkj + bj)

 n∏
l=j+1

kl

xn + cj ,

which, leads to the similar limit as (4.16),

ε0
i

ε0
i+1

=

√
c̃i

c̃i+1ki
, (4.17)

the proof of which analogous to the derivation given above, but has more involved
notation.

4.3.2 Infinite Limit
On the other end of the domain for the nutrient x0, we can consider what
happens when x0 →∞. The optimum equations (4.11),

(bi + kiai)xi−1 + kici
(xi−1 − kixi)2

=
(bi+1 + ki+1ai+1)xi+1 + ci+1

(xi − ki+1xi+1)2
,

imply that xi →∞ for all i = 1, . . . , n− 1: if xi−1 approaches infinity, the lhs
of the above equation approaches zero, so the rhs must approach zero as well.
This means either xi or xi+1 approaches infinity, but as xi must remain larger
than ki+1xi+1 as the domain for x is restricted to fj > 0, this implies that xi
approaches infinity either way. Thus xi−1 →∞ implies xi →∞. This holds for
all i = 1, . . . , n− 1, therefore x0 →∞ implies xi →∞ for all i = 1, . . . , n− 1.
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Considering the last optimum equation (i = n− 1), we will show that the
ratio xn−2

xn−1
→∞ becomes infinite. This equation reads

(bn−1 + kn−1an−1)xn−2 + kn−1cn−1

(xn−2 − kn−1xn−1)2
=

(bn + knan)xn + cn

(xn−1 − knxn)2
.

If we assume the converse, xn−2

xn−1
< B as x0 →∞, then xn−2 < Bxn−1 as both

xn−2, xn−1 → ∞ for some constant B > 0. This will imply a contradiction.
Multiplying by the denominators and dividing by xn−2, we see(

C1 +
kn−1cn−1

xn−2

)
(xn−1 − xn)2 =

(xn−2 − kn−1xn−1)2

xn−2
C2, (4.18)

for some constants C1, C2 > 0. The left hand side of (4.18) grows quadratically
with xn−1. Under the assumption that xn−2 < Bxn−1, the right hand side can
be bounded from above by a linear function of xn−1,

(xn−2 − kn−1xn−1)2

xn−2
C2 < xn−2C2,

< Bxn−1C2,

because xn−2 − kn−1xn−1 < xn−2.
Since the lhs grows quadratically in xn−1 and the rhs grows linearly in xn−1,

we obtain a contradiction. We conclude that xn−2

xn−1
cannot remain bounded and

will approach infinity.
In fact, in the same way we can show that for i = 1, . . . , n, all ratios xi−1

xi

will approach infinity. Inductively we show this by assuming xi

xi+1
→ ∞ and

considering the following optimum equation,

(bi + kiai)xi−1 + kici
(xi−1 − kixi)2

=
(bi+1 + ki+1ai+1)xi+1 + ci+1

(xi − ki+1xi+1)2
.

By again assuming the ratio remains bounded xi−1

xi
< B as xi →∞, for some

B > 0, we obtain a contradiction.
The limit follows from these observations, because

f−1
i =

aixi−1 + bixi + ci
xi−1 − kixi

,

=
ai + bi

xi

xi−1
+ ci

xi−1

1− kixi

xi−1

.
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Now we can use that when x0 →∞,

xi−1

xi
, xi−1 →∞.

so
xi
xi−1

,
1

xi−1
→ 0.

Therefore the limit for each enzyme concentration is

ε∞i = lim
x0→∞

f−1
i O−1 = ai

 n∑
j=1

aj

−1

. (4.19)

Furthermore, the ratio between two enzyme concentrations is the ratio between
their ai parameters or inverse ratio in the convenience kinetics parameters

εi
εi+1

=
ai
ai+1

==
k+
cat,i+1

k+
cat,i

. (4.20)

4.3.3 Limits in Original Parameters
Considering the more easily interpreted parameters in the notation of (4.3), we
use the conversion given in the end of Section 4.2.3.

The ratio between the consecutive equilibrium limits follows in this notation
as

ε0
i

ε0
i+1

=

√(
kM,y

k−cat

)
i

(
k+
cat

kM,x

)
i+1

. (4.21)

So the ratio is determined by the inverse, square root of the relative rate at
which fi and fi+1 consume xi. Because around 0, fi consumes xi at rate

k−cat

kM,y

and fi+1 consumes xi at rate
k+cat

kM,x
.

The ratio between the consecutive infinite limits follows in this notation as

ε∞i
ε∞i+1

=
(k+
cat)i+1

(k+
cat)i

. (4.22)

Unsurprisingly, this means that the ratio follows the inverse of the ratio between
the rates at which the enzymes consume substrate when fully saturated with
substrate.
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4.4 Numerical Experiments

4.4.1 Methods
The results in this section describe numerical simulation calculating the optimal
enzyme distributions. Here a general outline is given on the functional design
of the program and the key ideas that allow for successful calculation of the
enzyme concentrations.

Only Metabolic Concentrations

As introduced in Section 4.2, we recall that Ω contains all (x,xE), such that
x minimises the Objective Function O (4.1) for sensed external conditions xE .
The best way to understand the input output relation is to characterise Ω. To
do this, the program takes the network with convenience kinetics and derives
the first partial derivatives

Oi =
∂O

∂xi
, i = 1, . . . , n− 1,

of the objective function (4.1) to the internal metabolite concentrations. From
this it derives the partial derivatives of these partial derivatives

Oi,j =
∂Oi
∂xj

, j = 0, . . . , n,

of the internal and external metabolite concentrations, providing the Hessian
matrix of O. Then these Oi are given as input to the Matlab function “fmincon”
to find its minimum.

This internal Matlab function requires some other inputs, namely the current
external conditions and a starting point. The external condition is chosen to be
large to allow for positive flux easily, making the size of admissible metabolite
concentrations where fj > 0 large. As a starting point, the dynamical system is
simulated for some time with fixed equidistributed enzyme concentrations,

de

dt
= 0(µ = 0).

After one minimum is found, we use a continuation program to vary the
internal concentrations and the sensed external concentration. This continuation
program uses the initial minimum and the calculated Hessian. We keep following
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the place where all partial derivatives of the objective function are zero, while
changing the external condition and internal conditions. We can continue this
minimum using the Implicit Function Theorem and the continuation program is
based on Newton’s method. In this way we can calculate the minima Ω for all
positively oriented external concentrations.

Enzyme Distribution

Given that we have the calculated optima corresponding to a range of external
conditions, we can a posteriori calculate the enzyme concentrations by

ej =
eT f

−1
j∑n

k=1 f
−1
k

,

where eT is the designated total amount of enzyme in the system and the fj , fk
follow as functions of the minimal xi.

Note that eT = 1 for most numerical experiments. However, when we
study the effect of lengthening the linear chain (Section 4.4.5), this would mean
investment in each reaction would diminish for longer chains, and this effect
dominates. Therefore, it makes more sense to keep the mean enzyme investment
per reaction constant, and choose eT = n.

Matrix of parameters

One input for the program is the matrix A containing all parameters that enter
into the flux functions. These parameters are bundled in a matrix, where each
column contains the parameters for one flux function. The total number of
parameters needed in a flux function depends on the stoichiometry, however, by
taking the substrate parameters from the top and product parameters from the
bottom of a column, we can have a single matrix for all flux functions.

Recall the convenience kinetics functions (4.2). Then the column in the matrix
A with the same index as the reaction represents the following parameters,

k+
cat

k−cat
kM,x1

kM,x2

...
kM,yl


, (4.23)
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such that if there is only one substrate and one product (Michaelis Menten),

f =
k+
cat

x
kM,x

− k−cat
y

kM,y

1 + x
kM,x

+ y
kM,y

,

we need matrix A to have a column length of at least 4 with
k+
cat

k−cat
kM,x

kM,y

 .

The Matlab program has some extensions that are not shown in this chapter.

4.4.2 Linear Chain of 3 Enzymes

The system we consider is given by

e1 e2 e3

x0 � x1 � x2 � x3
(4.24)

The reactions are MM kinetics with the parameters implemented in convenience
kinetics style (4.3).

For a set of parameters,

A =


0.9815 1.4627 1.2728
0.9102 1.6146 0.7439
0.9255 0.7632 1.6303
1.0460 0.5727 1.2048

 , (4.25)

randomly chosen such that all parameters are between 0.3 of 1.7.
We see that for a large range of external concentrations, the optimal enzyme

distributions ε and the limit points calculated in Section 4.3 are all close together
in the space of possible enzyme distributions (Figure 4.3).

This seems to be typical for having parameters in the same range, so let us
see if we can make the curve of projected optimal distributions shift or stretch
by changing some parameters.

First we try to shift the total curve by keeping the equilibrium constants
static and vary the catalysis constants of the middle enzymatic reaction, by
multiplying k+

cat and k
−
cat by the same constant.
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Figure 4.3: Barely changing ε moving between the limit points, blue for
the equilibrium and red for infinity. Note that e1 is not depicted because
it is a dependent variable as the sum of e1, e2 and e3 is 1.

Looking at some extremes, we multiply these two parameters by 1000 and
1

1000 and notice (Figure 4.4) that the whole section of projected optimal enzyme
distribution is shifted towards the corner where e2 = 1 in the case multiplying
by 1000, while it is shifted towards where nothing needs to be invested in the
middle enzyme e2 = 0 in the case of multiplying by 1

1000 .
The above exercise shows how the entire curve of ε can be shifted around

dramatically through parameter manipulation. This means that if the parameters
are such that a kinetic function of an enzyme is relatively low, the relative share
of enzyme for this flux is high, for all nutrient concentrations.

Although this is insightful, it still only yields small variations in the distribu-
tion of enzymes for various nutrient concentrations. Given the limits based on
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Figure 4.4: The multiplication of both kcat values of the second reaction
flux with 1000 and 1

1000 pushes all optima towards e2 ≈ 1 or e2 ≈ 0
respectively.

the original parameters (4.21) and (4.22), the limits can be pushed apart.
We start out with the same randomly chosen parameters (4.25), but set

k+
cat = 0.1 and kM,x = 10 for f2. In this way, we make a2 dominant in (4.19)

and c2 small and c3 large in (4.15), such that the limits are much further apart.
Indeed, when we consider the curve of ε now, there is great variation depending
on the external nutrient concentration (see Figure 4.5). The adjusted parameters
(boldface) are given below,

A =


0.9815 0.1000 1.2728
0.9102 1.6146 0.7439
0.9255 10.0000 1.6303
1.0460 0.5727 1.2048

 .

A number of aspects are revealed.
When the forward catalysis rate k+

cat of a reaction flux is changed, this dra-
matically changes the optima for all possible nutrient concentrations. Increasing
this parameter yields less investment in this enzyme. A likely explanation is
that when the forward catalysis rate increases, this enzymatic reaction is less
of a bottleneck for the system, hence more enzyme production capacity can be
diverted away from this reaction to the other parts of the network.

What really stretches the curve of ε is increasing the kM,x parameters. As
can be seen in (4.21) and (4.22), manipulating these parameters moves the
equilibrium limit ε0, but leaves the infinite limit ε∞ in place. In the interval
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Figure 4.5: By tuning the parameters such that the limits calculated in
Section 4.3 are set far apart, there will also be great variation along the
curve of ε as the nutrient concentration varies.

between the limits, this means that there needs to be major differences in
substrate and product concentrations in order to be applicable to the situation
and get full substrate saturation of the enzymes. In the case of the randomly
chosen parameters of approximately the same order of magnitude, this limit is
almost connected to the calculated ε, while in the case of clearly separated limits
by increasing the kM,x of f2 (Figure 4.5) also the distance from the calculated
range to the actual limit at infinity is much greater. If we were to continue along
this curve for larger values of x0, the order of magnitude of x0 goes into the
millions for the enzyme distribution to approach the infinity limit, making it
hard to extend the curve using numerical simulation.
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4.4.3 Smallest Model with Two Nutrients

Many Elementary Flux Modes balance their specific flux on multiple input
metabolites. To capture this phenomenon in essence, we consider the following
system:

e1

x0 � x1 e3 e4

e2 � x4 � x5

x2 � x3

(4.26)

The reaction catalysed by e3 has two inputs, so naturally this is not modeled
as reversible Michaelis Menten, but similarly through convenience kinetics,

f3 =
k+
cat

x1

kM,x1

x2

kM,x2
− k−cat

y
kM,y

1 + x1

kM,x1
+ x2

kM,x2
+ x1

kM,x1

x2

kM,x2
+ y

kM,y

.

The other flux functions are standard reversible MM (4.3).
We input the following randomly generated parameters between 0.3 and 1.7:

A =


1.6400 1.2502 1.2728 1.2931
0.9795 1.3608 0.7439 1.3566
1.4204 1.3404 1.6303 0.6864
· · 0.3482 ·

1.6076 1.4528 1.2048 0.6133


We would like to figure out what is the influence of a sensor that is sensing

for one nutrient while another nutrient input of the system remains constant.
The trend that Figure 4.6 shows is that e1 is inhibited and e2 activated by

x1. This can be shown for various parameter settings, Although not depicted
in this work, we have performed the same numerical analysis for a variety of
parameter values and the same observations were always made.

A difference with the linear chain is that for this randomly chosen set of
parameters with the same order of magnitude, immediately we get quite some
variation in the distribution of enzymes for different nutrient concentrations (see
Figure 4.7)

This experiment seems to show that the sensor concentration inhibits the
investment into the part of the pathway that imports the nutrient it senses for.
Such a negative feedback loop is typical for regulation and is intuitive because
both nutrients are necessary in equal measures in order to produce the target
flux of e4.
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Figure 4.6: The enzyme concentrations as a function of the sensor x1.
Note that e1 decreases and e2 increases. This seems to be a robust trend
over parameter space.

4.4.4 Choosing a different sensor in a Linear Chain

Given a linear chain of 6 enzymes, what is the consequence of taking different
internal metabolites as the sensor?

The model we then consider looks as follows,

e1 e2 e3 e4 e5 e6

x0 � x1 � x2 � x3 � x4 � x5 � x6,
(4.27)

with standard reversible MM kinetics (4.3).
Theoretically, we can already make some headway to research a trend here.

Let us assume all kinetic functions have exactly the same parameters, that
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Figure 4.7: In the 3D graph from the model (4.26) with two nutrients,
the curve of projected optima seems to have a more pronounced variation
for randomly generated parameters than in the small linear chain (4.24).

is to say k+
cat,x, k

−
cat,x, kM,x and kM,y are the same four values for all kinetic

functions, then we can show that all enzyme levels are the same for any sensor
value: εi(xs) = εi+1(xs) for i = 1, . . . , n − 1. Recall the steady state enzyme
concentrations (3.41),

ei =

1
fi
n∑
k=1

1
fk

,

so it is sufficient to show that in this case fi = fi+1 for i = 1, . . . , n− 1.
The optimum ξ always solves the following equations for i = 1, . . . , n− 1,

0 =
dO

dξi
(ξ),

=
d

dξi

n∑
j=1

1

fj(ξj−1, ξj)
,

=
d

dξi

(
1

fi(ξi−1, ξi)
+

1

fi+1(ξi, ξi+1)

)
. (4.28)
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A direct calculation shows that (4.28) reduces exactly to

fi(ξi−1, ξi) = fi+1(ξi, ξi+1), i = 1, . . . , n− 1

in the specific case of reversible Michaelis-Menten rate functions with identical
parameters. So the enzymes are always equidistributed,

εi(xs) =
1

n
.

Furthermore, the optima are parametrised in the first instance by the external
condition x0. This fixes the ξ as the unique element in Ω with this external
concentration, but we have shown that any xi can then parametrise Ω (Lemma
16). So what we should consider is how the different xi follow x0 on Ω (See
figure 4.8).

From our analysis in Section 4.3, we already know that the minimal values
of the internal metabolites x are at equilibrium with the waste concentration.
Furthermore, when x0 →∞, all xi approach infinity as well but in different orders
of magnitude, where the further a metabolite is from the nutrient concentration
x0, the lower the order of magnitude that it grows. In other words, we expect
that the closer a metabolite is to a nutrient, the more sensitive it is to it.

In actual biological systems, the nutrient concentration may become high, but
never infinite. A biologically reasonable interpretation of ‘infinity’ is related to the
kM values: reaction rates reach maximal levels when the substrate concentration
is roughly five times the kM value. Therefore it becomes interesting to consider
how the various internal metabolite concentrations in optimum grow with the
nutrient concentration.

We take reversible MM fluxes (4.3), with parameters between 0.3 and 1.7

A =


1.2931 1.3518 1.4400 1.5841 1.0964 1.2649
1.3566 0.6571 0.6409 0.7002 0.9571 1.3474
0.6864 1.0083 1.6010 1.3601 0.3167 0.9308
0.6133 0.6560 1.0696 0.4819 1.2157 0.9197

 .

The general trend validates our initial conjecture that the internal concentra-
tions have an ordering where metabolites closer to the nutrient increase more
significantly (See Figure 4.8).

In the case of randomly generated parameters in the same order of magnitude,
this trend seems to hold for various trials of the same simulation. This means
that the closer a sensor is to the nutrient it is sensing, the more it varies with
the change in nutrient concentration. The metabolites that are further away
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Figure 4.8: The trend is that the further down the chain (higher index)
we choose the sensor, the more sensitive the optimum typically is to
change, however, the profile of x5 breaks this trend. This shows that
there is an expected hierarchy of metabolic concentrations.

from the nutrient concentration are less sensitive to the nutrient concentration,
such that a slight variation in the concentration of this internal metabolite xs
will create a large variation in the projected nutrient concentration ξ0.

This trend is no law however, because this strongly depends on the parameters.
In the previous example, the parameters are all very much in the same range.
Now if we set some parameter values at a value outside the interval 0.3 to 1.7,
the ordering is easily distorted as we can see in figure 4.9. Here we take the
same parameters, but have set the k+

cat of the flux catalysed by e5 to 7 and kM,x

of the flux catalysed by e2 to 0.2. The altered parameters are in boldface:

A =


1.2931 1.3518 1.4400 1.5841 7.0000 1.2649
1.3566 0.6571 0.6409 0.7002 0.9571 1.3474
0.6864 0.2000 1.6010 1.3601 0.3167 0.9308
0.6133 0.6560 1.0696 0.4819 1.2157 0.9197

 (4.29)

Immediately the graph of x2 in ξ is above the others, and x5 is the second
highest.
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Figure 4.9: The metabolite x2 now has the greatest value across the
domain for x0 of the experiment. Similarly different from the general
trend, x4 has the lowest value. So the trend from Figure 4.8 is greatly
distorted by changing parameters.

We know that when x0 increases more and more, eventually the ordering
will be restored, but over this large domain of metabolite concentrations, it is
completely distorted.

4.4.5 Lengthening the Linear Chain
So far, our experiments have focused on the effect of the parameters and the
effect of multiple nutrients, but now we would like to see how these insights
persist when the number of internal metabolites is increased.

We consider a general linear chain of 4 enzymatic reactions and, keeping
the same parameters for these first fluxes, we add consecutive reactions and
compare the input output relations. Furthermore this allows us to consider this
optimisation problem for a long linear chain of 12 reactions,

e1 e2 e3 en−1 en
x0 
 x1 
 x2 
 . . . 
 xn−1 
 xn.

We would like to now compare models with different number of reactions.
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However, with an increased number of reactions, the average amount of enzyme
per reaction eT

n is decreased if the total amount of enzyme eT remains the same,
leading to an artificial trend. It makes more sense to change the total sum of
enzymes eT from 1 to n, such that

n∑
j=1

ej = n.

The results of experiments are shown for n = 4 (Figure 4.10), n = 8 (Figure
4.11) and n = 12 (Figure 4.12). The parameters are chosen for the first four
fluxes such that they have pronounced shapes as a function of the nutrient
concentrations. The parameters of a model with n enzymes are found by taking
the first n columns of A as input parameters,

A =



1.4400 0.6409 1.6010 1.0696
1.2728 0.7439 1.6303 1.2048
0.9815 0.9102 0.9255 1.0460
0.5546 0.6693 0.5038 1.0185
1.5841 0.7002 1.3601 0.4819
0.7910 1.6146 1.5263 0.5727
1.1053 0.3837 0.6287 0.9313
1.0964 0.9571 0.3167 1.2157
1.3518 0.6571 1.0083 0.6560
0.6613 0.8722 1.1329 1.0110
1.0658 0.7148 1.3426 1.3860
1.6400 0.9795 1.4204 1.6076



T

,

so the first n rows in the notation above.
This numerical experiment brings forth two concrete insights.
The longer chain (Figure 4.12) seems to have a descending trend where the

closer an enzymatic reaction is to the nutrient, the higher the curve lies, for all
nutrient concentrations. We know this trend does not persist toward the infinity
limit, because it is completely defined by the relative inverse k+

cat values of the
fluxes (4.19).

Separate from this observation, the profiles of the first four fluxes seems to
be preserved over the lengthening. Although it is shifted upwards somewhat due
to the effect described above, their ascending/descending behaviour and relative
position remains unchanged.
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Figure 4.10: The optimal enzyme distribution of a linear chain with four
enzymatic reactions. Note that the total amount of enzyme eT in the
system is 4.
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Figure 4.11: The lengthened linear chain, extending on the model given
in Figure 4.10. Note that the features of the first four curves is very
similar in this figure.
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Figure 4.12: The lengthened linear chain, extending on the model given
in Figures 4.10 and 4.11. Again the features of the incorporated smaller
models are retained mostly. Even when there are differences, the relative
amount in the first reactions remains the same.
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4.5 Discussion

4.5.1 Interpretation of the Limiting Values

The limits calculated in Section 4.3 give a remarkably complete picture of the
behaviour of input-output relations for the linear chain.

Recall that in each flux function, there are four parameters, aj , bj , cj , kj ∈
R>0,

fj =
xj−1 − kjxj

ajxj−1 + bjxj + cj
.

Infinity is far away

The definition of a limit in mathematical terms is structured as an answer to a
question. If one desires an accuracy for all εj of some small bound to the infinite
limit ε∞ (4.19), then take any x0 beyond some large bound. The proof shows
that this bound for x0 always exists for any desired accuracy, but because each
xi

xi+1
approaches infinity as well, it means that the bound grows rapidly with the

required accuracy. In fact, xi grows at least at order x2
i+1.

This has direct implications for choosing the sensor far away from the nutrient.
If in the linear chain of n enzymes we would select xn−1 as the sensor, the
corresponding projected optimum concentrations in ξ would grow rapidly with
the sensor and increasingly so the lower-indexed projected concentrations ξi. In
this sense, the limit is approached for a relatively modest sensor concentration.

This indicates that sensors should function better if they are located close
to the nutrient, as one expects intuitively. On the other hand, if the protein
that the sensor binds to signal the enzyme production levels, is only sensitive
for a bounded domain, while the nutrient concentration can vary over a larger
domain, it makes more sense to take a sensor a few steps away from the nutrient
in order to sense any applicable nutrient level.

The infinity limit is influenced by only one type of parameter

Only the aj parameter of each flux function influences the infinity limit (4.19).
So this offers the freedom to move this limit anywhere in the space of enzyme
distributions, by using only these parameters.
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The equilibrium limit moves independently

The equilibrium limit (4.15) shows that increasing each cj parameter increases
its enzyme concentration εj in the limit while decreasing the other enzyme
concentrations. This offers the freedom to move this limit anywhere in the
enzyme distribution space and notably independent from the infinite limit (4.19).

Note that this observation is based on the assumption that there is a negligible
waste concentration outside of the cell, xn = 0. The c̃j in (4.17) are not
independent of aj , although the cj can still be influenced to change this limit
without changing the limit at infinity.

The infinite limit is proportional to the minimal time to complete
consume substrate

In the infinite substrate limit, the ratio between optimal enzyme concentrations
εj becomes equal to the ratios of the parameter aj , which is the inverse 1

k+cat

of
the maximal forward catalysis rate. The maximal forward catalysis rate measures
the maximal number of molecules that are converted in this reaction per second
per enzyme, so its inverse is proportional to the minimal time it takes to convert
substrates into products per enzyme. In this case, minimal time corresponds to
all enzymes being fully saturated with substrate all the time.

Counterexample for injectivity of curve

The independent movement of the two limits implies that given the one limit
based on its parameters, the other limit can be tuned to coincide exactly by
tuning the other parameters. Although it was already known that ε as a function
of xs is not necessarily injective, the only known counterexample so far was the
chain with exactly the same parameters where the entire function collapses into
the point where

εi =
1

n
.

Now the points in between the limits could still be anywhere else as well as there
are still some degrees of freedom after this tuning for the parameters.

For the dynamical system there is no obvious consequence to a non-injective
curve. It means that for various sensor concentrations, the same distribution
is optimal. It might mean that the curve as a whole spans only a very small
domain of possible enzyme distributions, but this is not clear from the results.
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4.5.2 Answers to the leading Questions
The goal of this chapter is to gain insight into the relation between the input
of a sensor metabolite and the output of the optimal enzyme distribution to
which the synthesis rates adapt. This goal was made more specific by posing
several partial questions in Section 4.1.2. Here we will discuss these questions
sequentially.

How does the relation between sensor and enzyme concentrations
look near the equilibrium?

When discussing the linear chain, this question is completely answered. The
distribution of enzyme production near thermodynamic equilibrium can be
derived as a limiting case and may be expressed completely in kinetic parameters
of the enzymatic reactions (4.15). In other cases, some trends can be inferred
from the experiment with two nutrients.

The equilibrium limit for the linear chain depends on the parameters and
is given in (4.15). The ratio between two consecutive enzyme concentrations in
this limit (4.16) has been rewritten in the original parameters (4.21), as

εj+1 =

√√√√kM,y,jk
+
cat,j+1

k−cat,jkM,x,j+1

εj .

This proportion is thus fixed.
As noted in Section 4.3, the ratio is determined by the square root of the

relative rate at which fi and fi+1 consume xi. Linearised around 0, fi consumes
xi at rate

k−cat

kM,y
and fi+1 consumes xi at rate

k+cat

kM,x
.

To interpret what this means, consider changing a parameter such that the
fraction in the ratio (4.21) increases. Then εj+1 increases relative to εj , but this
also means that every enzyme concentration with index higher than j increases
relative to εj with the same ratio. The total sum has to remain the same,
therefore this decreases all enzyme concentrations with index j or lower.

The first enzyme plays a different role than the others in this phenomenon.
Its k+

cat and kM,x parameters do not influence the ratio of any two enzymes.
What they influence is every enzyme concentration equally, making the initial
steady state flux larger in a bifurcation away from equilibrium. This does not
change the relative sizes of the εj .

When considering other models than the linear chain, we refer to the model
with two nutrients and a sensor close to nutrient x0 (Figure 4.6). The trend
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seems to be that, close to the equilibrium, the contribution of ε1 increases
greatly relative to ε2, meaning that the sensor signals a critically low nutrient
concentration and the system starts investing more into the enzyme importing
this nutrient into the cell.

Can we predict whether a certain enzyme will be inhibited or activ-
ated by an increase in sensor concentration?

Considering that we have a fixed sum of total enzyme, increasing and decreasing
is relative to other enzymes, recall the difference between this and demand driven
optimisation as described in Section 4.1.1, see also Figure 4.2.

Again the limit points ε0 and ε∞ give a good overall picture of the behaviour
of input-output relations. We can make the endpoints of the curve move anywhere,
hence there is no fixed rule as any link in the linear chain can be made to be
increasing or decreasing (eventually).

When considering the results of the experiments of the lengthening of a linear
chain, we see non-monotone behaviour in the chain with 8 enzymes (Figure 4.11).
There e3 decreases initially a bit, followed by an increasing tendency, while e7

does the opposite.
So in conclusion for the linear chain, when the infinity limit is above the

equilibrium limit, the relation is likely to be increasing and vice versa, but the
tendency might even be non-monotone over the total domain of x0 values. It
seems likely that as a rule the relation is monotone and non-monotone tendencies
are rare, but this is hard to prove.

In other cases, if the enzyme is part of the chain that processes the nutrient
that is being sensed for, then its relative value will probably increase, while if it
is in a chain processing another nutrient it is likely to decrease.

These two effects typically influence the input-output relation simultaneously
in a larger EFM.

More generally, what influence do the various kinetic parameters have
on the input output relations?

This is addressed above quite extensively. Understanding the freedom to place
the limit points of the optima anywhere in the enzyme simplex using the kinetic
parameters, one can create a linear chain where the relative values of εj change
dramatically over the total domain of the sensor concentration as can be seen in
Figure 4.5.
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Is there a relationship between the different input output relations.
Is there some standard way in which it is ordered along the linear
chain for instance?

Although the analysis of the limits shows no indication that there is a hierarchy,
the experiment with the lengthening of the chain seemed to yield a slight trend
that the further down the chain an enzyme is located, the lower the relative
concentration. There is not enough evidence however to suggest that this is a
persistent trend.

How do the input output relations change when choosing a sensor at
the beginning of the pathway rather than one more downstream? Is
there an optimal choice?

Consider Figure 4.8. The general trend shows that the closer a metabolite is
to the nutrient, the more influence a change of nutrient concentration has on
the internal metabolite concentration. Taking one of the internal concentrations
close to the nutrient therefore conveys the most information.

There are multiple caveats to this observation. For one, there is a receptive
signal transduction network that actually conveys the information from the
metabolite concentration to the genome and eventual production rates of various
enzymes and this network might have a sensitivity range for a metabolite
concentration that is too constricted to follow the most varying metabolite.
Instead, a more damped variation of an internal metabolic concentration might
be needed in order to optimally react to a wide range of external conditions, in
which case a sensor that is more downstream makes more sense.

Another problem to this trend is shown in Figure 4.9, where parameters are
specifically chosen to disturb the trend that upstream metabolite concentrations
convey the most information. In this case, the parameters clearly make x2 the
most sensitive metabolite to the external nutrient concentration. We know that
in the end, x1 will grow more than x2 as x1

x2
→ ∞ as x0 → ∞ (4.19), but this

might not be for any realistic value of the nutrient concentration x0.

For a pathway with two external nutrient concentrations, how does an
increase in the sensed nutrient concentration influence the pathway?

This question is investigated in an experiment and discussed in Section 4.4.3.
The trend shows that when the sensor concentration increases, the cell starts
investing more enzyme into the part that facilitates the uptake of the other
nutrient than the one that is being sensed.
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Is there any typical effect in lengthening a linear chain? E.g. does the
typical slope become flatter, is there a typical increasing/decreasing
tendency?

This question is investigated in an experiment and discussed in Section 4.4.5.

Does the increasing or decreasing behaviour as a function of the sensor
concentration depend on the kinetic parameters or is this influence
restricted by the position in the chain?

Yes.
The analysis of the limits shows that we can arbitrarily set the value of any

enzyme at the equilibrium limit below the infinite limit, forcing an (eventual)
increasing tendency, or set it above the infinite limit for an (eventual) decreasing
tendency.

4.6 Outlook

4.6.1 Speculating How the Results will Scale to Larger
EFMs

The experiments conducted here are all on relatively small pathways and do
not represent EFMs in actual genome-wide metabolic networks. Recall that an
EFM is a pathway that allows for balanced metabolism, but eliminating any
reaction removes this possibility. An EFM is the basic concept that allows for
the formulation of the Objective function and this theory as a whole. A pathway
containing multiple EFMs does not have a clear interpretation of the results
from this chapter.

Still the trends we have observed and deduced shed light on the expected
input output relations in larger EFMs.

Increasing the k+
cat of a flux decreases both the equilibrium limit (4.15)

and the infinity limit (4.19) in the linear chain, and generally shifts the entire
curve of ε to lowering the corresponding enzyme in experiments (Figure 4.4).
Extrapolating these results, the k+

cat inversely corresponds to the optimal relative
investment of enzyme in this specific enzymatic reaction.

In our numerical experimentation the general shape of the input output
relation was very flat for the linear chain. Over the entire domain of possible
external conditions the relative distribution of enzymes barely changes (See
Figures 4.3, 4.10). Only when we choose parameters such that the limits are
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pushed further apart does the distribution significantly change over the domain
(See Figure 4.5). This shows that when parameters are similar in magnitude,
there seems to be barely any pressure to adaptively control and the cell could
do without this mechanism, instead producing the same relative distribution
of enzymes whenever the pathway is activated. This is further exemplified by
our brief theoretical exploration in Section 4.4.4, where it is shown that the
linear chain with identical kinetic parameters across all enzymatic reactions, the
output is equidistributed enzyme for all sensor concentrations, making the input
output relations perfectly flat.

When there are multiple nutrients that are being sensed, there is a lot more
sense in adaptive control, because the investment in the branch of the pathway
processing a nutrient should be inversely proportional to the relative availability
of the nutrient.

The experiment that involved the lengthening of the linear chain is espe-
cially important to discuss scale. There it was clear that the profiles of enzyme
distribution (in this case in the first four enzymes) was preserved when more
enzymatic reactions were added to the pathway. This indicates that the under-
standing of parts of a pathway might extrapolate to the entire pathway. For
instance if an EFM actually consists of two linear chains providing two inputs
for a final target reaction flux, the profiles of the two linear chains might be
researched separately and the insights should transfer to the enzyme profiles
of the overarching pathway. This has to then be combined with the effect that
having two nutrients, the sensor concentration inhibits investment into the chain
from the nutrient it senses for.

Furthermore, the ratio between two enzyme concentrations in the limiting
values of ε0 and ε∞ are determined by the kinetic parameters of the enzymes
that are compared, meaning that extending the model to a larger pathway does
not influence the ratio between enzyme concentrations at either limit.
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Summary

Microbes have higher fitness if the specific flux that they require is maximised.
This thesis elucidates some aspects of this evolutionary forcing.

In Chapter 2, a five-state model of glycolysis in S. Cerevisiae is analysed.
This is an extension of the three-state model analysed in [19]. We present a
bifurcation that is remarkably simple and we shed light on the influence of
NADH on the bistability between the imbalanced state and a regular steady
state. Furthermore we show that there is a tradeoff in the level of expression
of upper glycolysis for starved yeast cells. The speed of adaptation to a new
source of glucose and likelihood of the imbalanced state are both increased
with a higher expression. The population can cope by having heterogeneity in
the upper-glycolytic expression across the population. A subpopulation will
end up in the imbalanced state, but on the whole, the population has optimal
adaptation.

In Chapter 3 we present a model of a linear chain of n enzymatic reactions
that allocates its enzyme production capacity ε dynamically. The objective of
this allocation is optimal specific flux. The allocation ε follows the concentration
of one metabolite, the sensor xs. As the sensor indirectly registers change in the
external nutrient concentration x0, this is a robust design for adaptive control
that optimises specific flux. In this chapter we shed light on the quasi steady
state (QSS) that follows from timescale separation; we assume that metabolism
balances out quickly, while the enzyme production and growth rate are more
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slow to adapt. The QSS is a bijection between the metabolite and enzyme
concentrations and we prove local stability of the unique optimum. These results
and their restrictions are further illustrated through numerical simulation of the
smallest possible linear chain.

In Chapter 4 we consider models that are similar to the one in Chapter 3.
We consider the relation between the sensor concentration xs as input and the
resulting enzyme production ε. This input output relation is thus a theoretical
prediction of robust, adaptive control for optimal specific flux, following the
kinetic functions fj and the stoichiometry.

Chapter 4 is an exploratory work, where the main goal is to understand the
input output relations, but without a specific end result in mind. The analysis
consists of a theoretical derivation of two limits at the endpoints of the domain
for xs, and numerical simulations to discover trends in these relations.

A number of insights are gained from the analysis in Chapter 4. The
equilibrium limit is a neat function of the parameters. Our derivation gives
full insight into the parameter sensitivity of the enzyme distribution ε at this
end of the domain for xs. The other limit sets the nutrient concentration and
consequently all internal metabolite concentrations, including the sensor, to
infinity. This implies full substrate saturation of all constituent enzymes, from
which we show that the enzyme investment is proportional to the time an enzyme
takes to convert substrate into product.

Apart from this limiting behaviour, we consider these functions of the sensor
xs in numerical simulations. Here we see that the orientation of the two limits
of the domain for xs provides a strong indication of its increasing or decreasing
tendency: if the limit at equilibrium is lower than the limit at infinity the
function will be increasing and vice versa. However, the functions can also be
non-monotone. Furthermore the presence of multiple nutrients, the sensitivity of
internal concentrations to the nutrient in optimum, and scalability are researched
for trends with numerical simulations. In this way, we can predict the input
output relation better.



Samenvatting

Microben zijn sterker als de specifieke flux die ze nodig hebben gemaximaliseerd
wordt. Dit proefschrift maakt een paar aspecten van deze evolutionaire drijfveer
inzichtelijk.

In Hoofdstuk 2 wordt een vijf-dimensionaal model van glycolyse in S. Cerevisiae
geanalyseerd. Dit is een uitbreiding van het drie-dimensionale model dat wordt
geanalyseerd in [19]. We beschrijven een bifurcatie die opmerkelijk simpel is
en we verduidelijken wat de invloed is van NADH op de bistabiliteit tussen
de ongebalanceerde toestand en de gebalanceerde toestand. Verder laten we
zien dat er tegengestelde belangen zijn voor de microbe in hoeverre de enzymen
van het bovenste gedeelte van glycolyse tot expressie gebracht moeten worden.
Enerzijds levert meer expressie een hogere snelheid van glycolyse in de optimale
aanpassing naar een nieuwe bron van glucose, anderzijds levert dit een grotere
kans op bistabiliteit met de ongebalanceerde toestand. De populatie is opge-
wassen hiertegen is als zij heterogeen is in deze expressie. Dan zal een deel van
de populatie ook in de ongebalanceerde toestand terecht raken, maar over het
geheel genomen is er optimale aanpassing.

In Hoofdstuk 3 beschouwen we een model van een lineaire keten van n
enzymatische reacties, waar de capaciteit van enzymproductie ε dynamisch
wordt gestuurd. Het doel van deze sturing is optimale specifieke flux. Deze
sturing volgt één metaboliet, de sensor xs. Omdat de sensor indirect registreert
hoe de externe nutriëntconcentratie x0 verandert, is het een model van robuuste
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sturing naar optimale specifieke flux. In dit hoofdstuk verduidelijken we de
quasi-stabiele toestand (QSS) die volgt na scheiding van tijdschalen; we nemen
aan dat het metabolisme snel balanceert, terwijl de enzymproductie en groei zich
langzamer aanpassen. De QSS is een bijectie tussen de metabole concentraties
en enzymconcentraties en we laten zien dat het unieke optimum lokaal stabiel
is. Deze resultaten en hun beperkingen worden verder geschetst via numerieke
simulaties van de kleinst mogelijke lineaire keten.

In Hoofdstuk 4 beschouwen we modellen die vergelijkbaar zijn met die in
Hoofdstuk 3. We bekijken de relatie tussen de concentratie van de sensor en de
resulterende enzymproductie ε. Deze relatie tussen sensor en resultaat vormt
een theoretische voorspelling van robuuste sturing naar optimale specifieke flux,
volgend uit de kinetische functies fj en de stoichiometrie.

Hoofdstuk 4 is een verkennend onderzoek, gericht op het beter leren begrijpen
van de relatie tussen de sensor en de resulterende enzymproductie. De analyse
bevat een theoretische afleiding van twee limieten bij de eindpunten van het
domein voor xs, en een aantal numerieke simulaties om trends te vinden.

Uit deze analyse van Hoofdstuk 4 komen een aantal inzichten naar voren.
De equilibriumlimiet wordt beredeneerd. Onze afleiding geeft volledig inzicht
in hoe gevoelig de enzymconcentraties in deze limiet zijn ten opzichte van de
parameters. De andere limiet zet de nutriëntconcentratie op oneindig. Er volgt
dat ook alle interne concentraties inclusief de sensor oneindig worden. Verder
raken alle enzymen volledig verzadigd met substraat, waarna we laten zien dat
de investering in enzymen in deze limiet in verhouding staat met de tijd die een
enzym erover doet om van substraat de producten te maken.

Los van deze limietwaarden bekijken we ook hoe deze enzym-productie
afhangt van de sensor concentratie xs door numerieke simulaties te doen. Hier
zien we dat een hogere equilibrium limiet dan limiet op oneindig een goede
indicatie is dat de functie dalend zal zijn en andersom. Maar de functies kunnen
ook niet monotoon zijn, zodat deze trend niet meer waar is. De aanwezigheid
van meerdere voedselbronnen, de gevoeligheid van interne concentraties als
gevolg van een verandering van de nutriëntconcentratie, en schaalbaarheid van
de resultaten worden onderzocht met numerieke simulaties. Hierdoor zien we
trends die voorspelbaarheid van de relatie teweeg brengen.
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